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e Hadronic atoms and niN scattering

e Isospin breaking in threshold 7~ d scattering
@ Mass effects

@ Virtual photons

e niN scattering lengths
@ Modified effective range expansion

@ Subtraction of virtual-photon effects
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Motivation

@ 7T scattering : firm prediction from Roy equations + ChPT colangelo et al. 2000

ad = (0.220+0.005)M;? a3 = (—0.0444+0.0010)M;*

— tested experimentally to high accuracy: Keg, K — 377 nA4s/2 2010
@ What about niN scattering ?
9 Isoscalar scattering length a*: chirally suppressed, poor chiral expansion

— PWA inconclusive
9 Isovector scattering length a™: needed for a determination of the N coupling constant

via the Goldberger—Miyazawa—Oehme sum rule

— Data from hadronic atoms prime source of information
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Hadronic atoms

@ Pionic hydrogen riH: EM bound state (e~ — 1)

pro?

E =Mp+Mpyg—
QED p = 52

@ Strong interaction modifies the spectrum

@ Energy shift 3s —— 3d

2p
g1 =E1s—EQP =-2a%pi(a" +a +Aayp)(1+-)
—_—————
arp

@ Finite width due to mp — 7°n, yn
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Hadronic atoms

@ Pionic hydrogen riH: EM bound state (e~ — 1)

pra®
2n2

@ Strong interaction modifies the spectrum

@ Energy shift 3s —— 3d

2p

g1 =E1s—EQP =-2a%pi(a" +a +Aayp)(1+-)
T
@ Finite width due to mp — 7°n, yn
@ Similar for D, but width due to m—d — nn, ynn I "

@ Recent experimental results cotta et al. 2005, 2010

€1 = (~7.1204+0.012)eV ;5 = (0.823+0.019)eV

el = (2.356+0.031) eV
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Interpretation of hadronic-atom data

@ Basic relations peser, Goldberg, Baumann, Thirring 1954

s =202 (a* +a +ha )1+

—aad2 1y 2 _olmpon)
Mg =4a qu1<1+P)( V2a +Aarfp~>n0n) (14-) P= EC e =1.546-+0.009 Spuller et al. 1977
21 3
SJE.)S:—ZGB;%Rean g(@te), Rea, d:u—:‘)(a*JrAa*)Jra(n)d

@ Three equations for a*
@ Further theory input needed

@ Higher orders in NREFT Gasser, Lyubovitskij, Rusetsky 2008
9 Isospin-violating corrections = ChPT wH, Kubis, Meif3ner 2009
9@ Three-body corrections in D = ChEFT weinberg 1992,...

) —0 00 =0 (=0
@) () () (d) . (dy)
(—24.940.9)-103Mm;;* (~0.2+0.3)-1073Mm;t (2.6+0.5)-1073M;t Baru et al. 2011
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Isospin violation in 71-d scattering

@ Nomenclature

@ Charge symmetry : invariance under rotation by rTin isospin space
@ Charge independence = Isospin symmetry : invariance under an arbitrary rotation in
isospin space — assumed in the definition of a*

@ Example: /A, =M2—M2, contributes to IV, but not to CSB
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Isospin violation in 71-d scattering

@ Nomenclature

@ Charge symmetry : invariance under rotation by rTin isospin space
@ Charge independence = Isospin symmetry : invariance under an arbitrary rotation in

isospin space — assumed in the definition of a*
@ Example: /A, =M2—M2, contributes to IV, but not to CSB

@ Need agfi)d with an accuracy of better than 10% =- IV in 3B sector?
@ Virtual photons: multi-scale problem

@ ChPT regime : p ~ My

@ Atomic-atom regime :p ~ aM; = NREFT calculation

@ Deuteron wave function :p ~ ,/mpe

@ Three-body dynamics :p ~+/Mpe

@ Virtual photons could be enhanced by /Mz/e
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Stage setting

Rea, 4 ~—-25-103M;t a ~80-103M7;1 a*~o0

@ ChPT expansion parameter p ~ x = Mg/mp
@ Estimate (NTN)27 contact term
@ Power counting (p?)
9 Wave-function dependence of integrals
@ Uncertainty estimate for strong 3B diagrams: 1-103M;* ~ 5%

— can ignore effects (significantly) below that threshold
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Stage setting

Rea, 4 ~—-25-103M;t a ~80-103M7;1 a*~o0

@ ChPT expansion parameter p ~ x = Mg/mp
@ Estimate (NTN)27 contact term

@ Power counting (p?)

9 Wave-function dependence of integrals

@ Uncertainty estimate for strong 3B diagrams: 1-103M;* ~ 5%
— can ignore effects (significantly) below that threshold

@ We count e ~ ¢(p) and my —my = 0(e?)

@ |V effects from mass differences and virtual photons
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Mass effects

xou || RN ([

N
N N
N N

N

@ Mass-difference insertions  in LO diagrams from A and Ay =mp—mp

@ Numerically only relevant for double scattering

p=2MgAn—LAp

— 2% correction
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Mass effects

N

C= )00

N
N N
N N

@ Mass-difference insertions  in LO diagrams from A and Ay =mp—mp
@ Numerically only relevant for double scattering
p=2MgAn—LAp
< 2% correction
@ Mass differences
A =2Ze?F2 Ay = —4Bes(mg —my) +fe2F2
— quark-mass effects are suppressed

@ Another 1% correction from IV at vertices, starting at NLO
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Virtual photons

i e i s

le) )

>

@ (dg) and (dg)—(d1g) “would-be infrared singular "
<;> 6:21/M2+q2(5+w>
9%(a2 +9) " 2mp

— potentially enhanced by \/Mz/&

@ ChPT counting applicable in infrared enhanced diagrams?

@ Separate those contributions already included in the Deser formula

— deuteron pole
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Virtual photons: isovector case

>

10)

(dg) (d;) (dg)
@ Pauli principle : (—1)-tT+S = —1 = no S-wave NN interaction

@ LO result using asymptotic wave functions

. T 4
(de) 7/ 3,43 Vi(p—q)¥(p) . 8m 1 Ympe/ T
a. ~ —a d°pd —-——a — \U ~
= P qqz(qz+2Mn(s+|02/mp)) 3v/2 VMpe ®) P2+ mpe
/dspds vT(p)¥(p) _ o, 8m 1
2(92 4 2Mn(£ +p2/mp)) 3v2 VMg

— enhanced contributions from p ~ v/Mz€ cancel
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Virtual photons: isoscalar case

-

@ S-wave NN interaction now allowed

@ Need to subtract the deuteron pole = Deser formula
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Virtual photons: isoscalar case

-

e (0 0D 050 00D -

a+/~ d3k 1 [ [F(k)]P-1
(2m3 k2 | k2/2Mg—in

dd 1 I .
(277?6 s+p2/mp+k2/2Mn—inGb(k)z(Gb(")*GMk))}

Fio= [dPavl@V(@-k/2) = F2-1=0()
G = [dPav!(@via—k/2) = ()
@ S-wave NN interaction now allowed
@ Need to subtract the deuteron pole = Deser formula

@ Use orthogonality of deuteron and continuum wave functions

— No infrared enhanced contributions from p ~ /M€ altogether!
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Virtual photons: summary

@ Still infrared enhanced contributions from p ~ ,/Mp€ possible

@ Explicit calculation yields
ald)H (%) — _0.034a"

— indeed dominated by p ~ ,/Mp€, but too small to be relevant
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Virtual photons: summary

@ Still infrared enhanced contributions from p ~ ,/Mpe possible
@ Explicit calculation yields
al®%) (%) — _0.034a"
< indeed dominated by p ~ ,/Mp€, but too small to be relevant

@ Remaining effect from momenta of order My
af™ = (0.95+0.01)-103m;1

— residual isovector contributions  (and (d7))
@ Consistent with ChPT estimate

@ Same conclusions for the higher-order diagrams (dg) and (do)
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level shift of mH

-92

-90

-88 -86

—a= / 1073M !

niN scattering lengths

width of TH

-84

at =(7.6+3.1)-103m;!

a~ =(86.1+0.9)-103M;1

level shift of 7D |

4(MZ-M2,)
T —at 1 0’ 52
at=aT+g TFMn/mp { F% cq —2e fl}

-82

at =(1.9+0.8)-103Mm;t
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Combined analysis of mH and 7D

St
n

+ /10

a

level shift of mH

-88

86

level shift of 7D

width of TH

N

W

4(MZ-M2,)
T —at 1 0’ 52
at=aT+g TFMn/mp { F% cq —2e fl}

-92 -90 -84 -82
—a~ / 10730
isospin limit channel scattering length channel scattering length
at +a mTp—TTp 86.1+1.8 mtn— mtn 852+1.8
at—a~ mp—mtp -88.1+1.8 T n-mTn —89.0+1.8
—v2a~ mp—1Pn —121.4+16 mtn— mp ~119.5+1.6
at p — mOp 21431 mn — mn 55+3.1
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Removing Coulomb effects: the pp scattering length

@ Consider first a more familiar example: pp scattering

© Split total phase shift into pure Coulomb o€ + remainder &g,
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Removing Coulomb effects: the pp scattering length

@ Consider first a more familiar example: pp scattering

© Split total phase shift into pure Coulomb o€ + remainder &g,
Q 0o, related to strong amplitude Tpp(k) by

4 e20°
- m Tpp(k)

k(cotds, —i) = k= K|
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Removing Coulomb effects: the pp scattering length

@ Consider first a more familiar example: pp scattering

© Split total phase shift into pure Coulomb o€ + remainder &g,
Q 0o, related to strong amplitude Tpp(k) by

4 e20°

c_y__4me’™
k(cot5pp i) M To(K)

k = K|
© Modified effective range expansion  Bethe 1949
2 C _; 1 1 5
k [Cn(cotépp —1) +2’7H(f7)] =——=+ Erok 4.
app

r'(x)

n=>- H(n) = w(in)+ = —log(in) W(x)= o0

n= gam 1 2k 2in
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Removing Coulomb effects: the pp scattering length

@ Consider first a more familiar example: pp scattering

© Split total phase shift into pure Coulomb o€ + remainder &g,
Q 0o, related to strong amplitude Tpp(k) by

4 e20°

c_y__4me’™
k(cot5pp i) M To(K)

k = K|
© Modified effective range expansion  Bethe 1949

. 11
k[ (cotsg, —i) +2nH(n)] =gk

2mn am ) 1 ) ' (x)
2 = —— = —_— = _— =
Chi=gm 1 n=—g R(n) = w(in)+ 5 ~log(in) v =T
@ Removal of residual Coulomb effects scale-dependent

N = % +am [Iog - 0.33] Jackson, Blatt 1950

app app HMFD

1 1 Uy 3
% = agp +am [Iog oM +1-— 2 VE] Kong, Ravndal 1999
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Removing Coulomb effects: the pp scattering length

><+><.><+><.><.><+... A O T+ D

@ Difference due to Coulomb-dressed bubble sum

1 1

— =—+am {Iog 70.33} Jackson, Blatt 1950
app Ay aMrg

1 1 Uy 3

— =—+am|log———+1- Kong, Ravndal 1999
a0 agp + { g aM + ZVE] ong, Ravndal

@ app supposed to correspond to strong part of the potential, but Coulomb-nuclear
interference depends on short-distance part of the nuclear force

@ Numbers for singlet channel

? agp = (—7.8063+0.0026)fm Bergervoet et al. 1988
9 app = (—23.749+0.008)fm Koester, Nistler 1975
9 apy = (—18.8+0.5)fm Gonzélez et al. 2006
9 app =(—17.3+£0.4)fm Miller et al. 1990

< a5, —app huge effect !
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Back to N scattering

@ Deser formula : shift and a;, in NREFT

g1s = —20°%pFa,, (1+2a(1-loga)pya, ,+-)
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Back to N scattering

@ Deser formula : shift and a;, in NREFT

g1s = —20°%pFa,, (1+2a(1-loga)pya, ,+-)

@ ChPT convention for scattering length Lyubovitskij, Rusetsky 2000

IO iy @,

_2iC 2 k
L " L —2apy(a,,) Iogp—HJraerrﬁ(k,az)
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Back to N scattering

@ Deser formula : shift and a;, in NREFT

g1s = —20°%pFa,, (1+2a(1-loga)pya, ,+-)

@ ChPT convention for scattering length Lyubovitskij, Rusetsky 2000

IO iy @,

_2iC 2 k
L " L —2apy(a,,) Iogp—HJraerrﬁ(k,az)

@ Compare with mERE : expand first in a, then in k

c
T @5

k
p = T" — 20Uy (afrp)z(yE +log m) +afrp+ﬁ(k,a2)

C
e—2|cr T

— same loga as in Deser formula!
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Back to N scattering

@ Deser formula : shift and a;, in NREFT

g1s = —20°%pFa,, (1+2a(1-loga)pya, ,+-)

@ ChPT convention for scattering length Lyubovitskij, Rusetsky 2000

IO iy @,

_2iC 2 k
L " L —2apy(a,,) Iogp—HJraerrﬁ(k,az)

@ Compare with mERE : expand first in a, then in k

~2i0C 1 _m:ruHafrp 2 c 32 | k c (k. a2
e Ty = T 2 (&) e Hog o ) el 4 0(k.a?)

— same loga as in Deser formula!
ChPT vs. mERE scattering length

arp =a5 ,+2auy(ay ) (loga -y )+0(a?)
~——
86.1+18 05
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Subtraction of virtual-photon effects

@ Application in dispersion relations < analytic properties

@ Effects calculable in ChPT, e.g. A /
@ Coulomb pole ~ 1/k at NLO, &(p3) AN
@ logk first at two loops, 7(p®) )
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Subtraction of virtual-photon effects

@ Application in dispersion relations < analytic properties

@ Effects calculable in ChPT, e.g. A /
@ Coulomb pole ~ 1/k at NLO, &(p3) AN
@ logk first at two loops, 7(p®)

@ Subtract virtual-photon contributions
@ Finite terms = fine
@ UV divergent photon loops = need to separate mass-difference and virtual-photon
contributions to LECs = scale dependence
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Subtraction of virtual-photon effects

@ Application in dispersion relations < analytic properties

@ Effects calculable in ChPT, e.g. A /
@ Coulomb pole ~ 1/k at NLO, &(p3) AN
@ logk first at two loops, 7(p®)

@ Subtract virtual-photon contributions
@ Finite terms = fine
@ UV divergent photon loops = need to separate mass-difference and virtual-photon
contributions to LECs = scale dependence
@ How large are these effects?
o Full:a, , —ap, =(173.4+1.6)-10"3M;*
@ Virtual photons: a)  —a), = (2.1+1.8)-107°M;*
@ Virtual-photon subtracted: a’_ - al, , =(171.3+2.4) 10-3M;t

— much smaller than in app
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Applications

@ Goldberger—Miyazawa—Oehme sum rule

2 2 2
98 _((me+mn)? Mr) My oy MR
= () {0 ) ey el

tot _ glot
0% ()~ 0% ()

J 7i/wdk LS
4 Jo \/MZ+k2

niN coupling constant

02/4m=13.6940.1240.15=13.69+0.20
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Applications

@ Goldberger—Miyazawa—Oehme sum rule

2 2 2
o _((mp+mn Mo\Mny Ly MR
= () () ey -3

tot _ glot
0% ()~ 0% ()

= b o \/W

3

niN coupling constant

02/4m=13.6940.1240.15=13.69+0.20

@ Input for a dispersive analysis of TN (based on 7Tp) < see C. Ditsche, We 16:40

niN scattering lengths in isospin basis

1/2 . -3pn—1
a,/ 2(3ay —al. ) =(170.5+2.0)-10%M
3/2..

ay

p=(—86.5+18)-10°M*
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Conclusions

@ Combined analysis of mH and D
@ Isospin-breaking corrections
@ Virtual photons: ChPT counting proves adequate in the end
@ Comparisonto pp: definition of N scattering lengths
9 Essentially Coulomb-modified scattering lengths  (up to two-loop ChPT effects)
9 Residual virtual-photon effects much smaller than in pp
9@ Removal of virtual photons  generates only small scale dependence
9 Application in dispersion relations

at =(7.6+3.1)-103M;1  a =(86.1+0.9)-103m;!

g2/4m=13.740.2

a)l/2 = (170.5+2.0)-103M;;* a;/z = (-86.5+1.8)-103M;;!
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Photon diagrams with intermediate-state NN interactions

@ Separable NN interaction (integral dominated by low-momentum modes)

@ Potential
1

 p2+p2

@ A tuned to reproduce the binding momentum y = ,/Mp€

V(p,p’) =Ag(p)a(p) a(p)

@ B =1.4fm™! parameterizes effective range of pn scattering

@ Hulthén wave functions

Vo) =NSEL =B
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Separation of virtual-photon effects

@ Finite terms
1 e?giMy

= =-05-10"3Mm;*
4m(1+My/mp) 167F2 T

14 14
8rptarm,
@ Terms requiring renormalization

. —al, = Mr €9 (14 4log2 + 3log M1
mp " %o = T 27(1 1 My/my) | 16T2F2 9 952

a5 - apg—
-2¢? (g{;+gg - ﬁk{)} =(2.141.8)-1073Mm;?
@ Retain pion mass difference ~ e2Z, but subtract virtual photons ~ e?
— use known B-functions of the LECs
12{ _G \;:0 k! 5 = Nilz=o !
1 nl
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