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Chiral perturbation theory

@ low energy effective field theory of QCD

(]

degrees of freedom: goldstone bosons of spontaneous symmetry
breakdown of chiral symmetry

these are: pions, kaons and eta

dimensional counting

naively we would end up only with an even sector

even sector known up to NNLO < lagrangian £ up to pS

¢ <> —¢ in this L: however this is not the symmetry of original QCD
we know it exists K™K~ — 37

¢ © ¢ 6 ¢ ¢ ¢

= odd intrinsic parity sector
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Chiral perturbation theory: odd sector

@ existence of the chiral anomaly for the axial current

@ The form of anomaly is determined by ‘gauging’ external fields
(Wess-Zumino construction ['71]), explicitly for SU(2):
v and a are gauge fields of

L=R=1+ia, and LI =R=1+ip

N¢
1672

05{v,a,s,p, 0} = /d4$ EW’M(BA(@W +ilay, av))) (Vo)

N, . )
C e LU, Ul — Fudy + S, (UM, U + 1)) (0p0) + §<Euzyzp><va>}J

Lwzw = —g33.5

with 3, = U0, U, #, =10, +a,, 1, =10, a,.
@ similarly for SU(3)
@ however, there we have also pure odd-n-‘pion’-vertex (as 2K 3)
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Calculation within 2-flavour ChPT

NLO odd-intrinsic Lagrangian is given by [Bijnens, Girlanda, Talavera '02]
(for a different basis see [Ebertshauser, Fearing, Scherer '02])

13
w wow wo_ wr -4
Ls = Zci 0; ¢ =¢ " +nilep) A,

monomial (o)) i 2-flavour 3847w2F2y;
e;wad <X+ [fﬂ,uu Ua”ﬂ]) 1 0

OB Fapws Uatip}) 2 0
Z'E/'Waﬁ<Xff+qu+aﬁ> 3 0
Z'E‘Waﬂ<Xfff;wffaﬁ> 4 0
7:6‘“/0“9 <X+ [f+;u/-, f*aﬁb 5 0
I ) (X—tats) 6 —5Ne
iﬁ“u(18<f+uu> <f+u¢3X > 7 4NC
iE/'Waﬁ<f+/ﬂ/> <f+ozﬂ>< > 8 —2Ne
i€ P (£ ) (o tia ) 9 2Ne
ie‘“’aﬁ(f+w><f—w“a7‘ﬁ> 10 —6No
e;u/a,li <f+ll'/ <f+'ya 'yﬁ> 11 4NC
P f ) Firaf ) 12 0
etvah (Vo fryu) {f+vaup) 13 —4Ne

n.b. it depends on the form of £4 [KK, Novotny 02], [Ananth.,Moussallam 02]
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Small selection of applications
recent (< 10y) theoretical works:
@ overview of phenomenology [Strandberg,Bijnens '02]
@ two-photon decays 7°/(n) [Goity,Bernstein,Holstein'02], [Borasoy,Nissler
'04], [KK,Moussallam '09], [KK,Bijnens '10]
Koy, Kpsy, Kpy [Gasser,Kubis,Paver,Verbeni'05],
[Gerard,Smith, Trine'05], [Cirigliano et al. '12]
70 = ete v [KK,Knecht,Novotny]
7T — etvy [Mateu, Portoles '07],[Unterdorfer,Pichl'08]

(]

e ¢ ¢

7 decays [Gémez Dumm et al.’10], [Guo,Roig '10], [Gonzalez-Alonso et
al.’08]
o 7wy — 7w [Bijnens, KK, Lanz '12],[Giller et al.’05]
® 1) — mmy [Borasoy,Nissler'04],[Stollenwerk et al.’12]
9 1 — 47 [Guo,Kubis,Wirzba'12]
+ resonances: e.g. [Ruiz-Femenia,Pich,Portoles’03], [KK,Novotny'11]
+ important application: g — 2
+ recently, important for holographic theories: e.g.(colangelo sanz-Cillero, zuo '12]
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T — ~v~ at NNLO, result ([KK,I\/Ioussallam'OQ])

e2 1

A = —{—f

NNLO PR

16 64
4+ = 3 ( 4FHV 4(117 Hr)+ gB(md mu)( (};1 te l‘l7 +2(11r)

Mt 1 2 M4 3 3212 ,

o L { 2¢} Wr g W 9 Wr g W _ W }

2im? 71 (Gor2bm) + fgnzpa Lr g + 5 (2627 T4 267 +4erT — ey

32M2B —
32M7B(ma = mu) | [—6cl ™ — 11e}Y™ 4 6" — 12¢07 — W' — 2clV7]

4872 F1

M4 ]\/IQB(md—mu)A n BQ(md—mu)Z/\

FEOT F1 - A -
1] 2, Co1 1 983

A= o [0 = 8- 307+ sy (~ 5 - 36 +3VB Oy )|
+ %bFQ [815(c} WL WY (= acl T — a4 ")

_ 64

A [du () + F20 (¢ T + AT+ 2(3;“")]

A= d‘ff(u —128F 217 (e} + Wy
@ 4 LECs in 2 combinations of NLO
@ additional 4 LECs in 3 combinations of NNLO

Is it at all possible to make some reliable prediction?
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70 — ~~v: modified counting

@ Use of SU(3) phenomenology via c/'" <+ CV" connection (based

on [Gasser, Haefeli, lvanov, Schmid '07,'08])

o; . Bym
' = # + (51‘ +7;5C}" + 6 22 s) + O(ms)
s ,
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70 — ~~v: modified counting

Wr

@ Use of SU(3) phenomenology via c/'" <+ CV" connection (based

on [Gasser, Haefeli, lvanov, Schmid '07, 08])
CZW ——|— (614—%]0 "+ 0;1In Oms

) + O(my)

@ implementation of modified counting
My, Mg ~ O(pQ) and Mg ~ O(p)

Result:

Amod e? { 1 64 m2CWT 4 1 mg—my [1 3 m2

LD 2 L}
NNLO = B ) 4n2 3 16m2  my, 216a2F2° "

2

+32B(mg —my) | = T Ly)

117+40u7<1_3

1 1 1 m2 2
- 307+ Lj — Lg+>Ly))| - —— T L.
167r2F2< + sinz brt g ”))} 242 (167r2FTZ ) }
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m™ — ~v7y: Phenomenology

@ [ =92.2240.07 MeV (using updated value of Vg [Towner, Hardy0s])

o M = (2.29 +0.23) 10~2 (using quark mass ratio (from lattice),
pseudo-scalar meson masses, R from 1 — 3m)

® B(mg—my) = (0.32 £0.03) M3

® 3L7+ Li(u) = (0.10 £0.06) 10~% (= M,,) (from pseudo-scalar
meson masses formula [Gasser, Leutwyler '85])

e O =0 (more precisely C7" < 4, motivated by simple resonance
saturation)

o (Y = (0.58 £0.2)1073GeV 2 (from n — 27)

result [ro9y = (8.09 £ 0.11)eV
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pion decay constant from m — v

® I';o_,9,: depends on V,4: update of V,,q changes also F;

) bﬁsed on SM: deviation from standard V' — A leads to an effective
F. [Stern et aliee’08]

F2=F2(1+¢), with e~ VEd /vl

@ connection between F} and Fo tiny [KK,Moussallam '09]

F B?(mg —my)? I7 m2
a = 2 ) [—1 ") — 14 log x ]
Fo locp Fi Gco(n) = Jgm2 \ 110872
~0.7x107%.

@ = one can thus use 7 — v for determination of F:
Fr ~ F0o =93.85 + 1.3(exp.) £ 0.6(theory) MeV = 93.85 & 1.4 MeV

o nb. Fy =9222(7) = e~ 3 — 4% 1o significance for right-handed
currents
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Too complicated?
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Too complicated?

one loop only in the next...

«p

D

f)

K. Kampf Anomalous processes and leading logarithms 10/44




Renormalizable theories
@ we calculate e.g. FI(M):
F=Fy+F'L+F +FL*+FL+F2+...
=a+ 2L+ fl + 3L+ AL+ 3 fE 4 ...

@ where we have defined L = log(u/M)
@ renormalization condition ,u% =0

@ non-trivial dependence on «
da
p— = Boa® + fra + ...
dp

@ [y obtained from 1-loop diagrams

@ renormalization condition =

1_ 2 52 3 _ 3 _ x
fi==Po, f3 =05 f3=-6By = FLL_1+aIBOL
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Non-renormalizable theories

What are the Leading Logarithms (LL)?
o We calculate e.g. F(M):

F=Fy+FL+F +F}L?+FL+F?+...
@ where we have defined L = log(u/M)
Why they are special?

@ they are parameter-free

@ to all orders from one-loop diagrams only (based on [Weinberg '79],
[Biichler, Colangelo’03])
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O(N) sigma model

@ O(N +1)/O(N) nonlinear sigma model
F? T 2. T
Lne = 78,@ MO+ Fx' .
@ explicit 4+ spontaneous symmetry breaking
@7y =(10...00 x"=(M?*0...0)

@ we have N Goldstone bosons: ¢

@ N = 3 equivalent to two-flavour ChPT
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O(N) sigma model: physical mass M,

LL for the physical mass [Bijnens, Carloni '10], [Bijnens,KK,Lanz '12]
° L, =[0]

@ mass: two-point function

@ schematically at LO:
—o— & M,=M

o NLO

= —{—
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O(N) sigma model: physical mass M,
LL for physical mass [Bijnens, Carloni '10], [Bijnens,KK,Lanz '12]
@ NNLO

[ 1]
(1)
, o =
@ we have to calculate first:
0]
(2)
; 0] =
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mass up-to 3-loop order
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mass up-to 4-loop order

@)

@)
4

51)
)

4 e e e e
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mass up-to 5-loop order

En e O b D,
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mass up-to 6-loop order

a0l O ool Do g P Q6 O
Tra0epea0n D g 4 o0 0 Do |
B 0epes0e: O Grofe e G B e e O
£ O festOee Do Dot e Dokt
o400 P O P 0 Ob e o 00

P00 £k O D et 8290 € O 87

a0 Qe On B Gt Ot o oo 8

S0k00 P Gt e i e e Ot 0 3
306 O O O Dot L3000 B 1 Qo O 3 B
306 Ot Deodiafetie o O [ e O e 0
306 O DefgeaCetx £330 B G 1 e

400 O e H330m DR E300 By Qo0 0 15 O

300 O Do DG U G O e e O

300 O B x40« O O O Ok GroGx £ ik OF

HO< 4 Dxoea0 oo Dol Ox I e &
O g Doyl Dl O Dead Oe [ e
O T O#0x0 + DO Qe Ox B e O

O oot O Deatiolr Dot 3 1 5 D
Ot OOt ol O e okl Oty O

O£ 308900 Ot ot Ok (e g e D91 13-
Ot Ot o 9 G Dratdefi O O D

19 /44




mass up-to 7-loop order
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O(N) sigma model: physical mass M, results

LL for phySIca| Mass ([Bijnens, Carloni '10], [Bijnens,KK,Lanz '12]
@ # of diagrams: 1,5,16,45,116, 303,790, ...

o M2=M?*(14+a Ly +asl?, +...)
Ly = M?/(1672 F?) log(u?/M?)

a; for N =3 | a; for general N

—1/2 1-1/2N

17/8 7/4—17/4 N +5/8 N?

—103/24 37/12 — 113/24 N + 15/4 N? — N3

24367/1152 | 839/144 — 1601/144 N + 695/48 N? — 135/16 N3 4 231/128 N*
—8821/144 | 33661/2400 — 1151407/43200 N + 197587/4320 N2 — 12709/300 N3
+6271/320 N* —7/2 N°
6 1922061067 | 158393809/3888000 — 182792131/2592000 N + 1046805817/7776000 N>
—17241967/103680 N3 + 70046633 /576000 N* — 23775/512 N°
+7293/1024 N
7* | —1B04SST66T | 1098817478897 /8573040000 — 286907006651/1428840000 N
+4533157401977/11430720000 N? — 1986536871797/3429216000 N3

+436238667943/762048000 N* — 7266210703/21168000 N°
+99977/896 N6 — 15 N7

B W N -

new
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O(N) sigma model: physical mass M, verification

Some cross-check? yes

o different parameterizations, (we have used 5) e.g.

¢To

/ oTo CoS A/ o

(Pl = - 2 ; @4 = F
sin

)

@ full two-loop result for N =3
o for N = 3 we have SU(2) x SU(2)/SU(2)

o well known: [Colangelo 95], [Biirgi '96], [Bijnens et al. '07]
@ limits

@ massless limit

o large N limit
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O(N) sigma model: physical mass M, verification

Some cross-check? yes

o different parameterizations, (we have used 5) e.g.

¢To

/ oTo CoS A/ o

(Pl = - 2 ; @4 = F
sin

)

@ full two-loop result for N =3
o for N = 3 we have SU(2) x SU(2)/SU(2)

o well known: [Colangelo 95], [Biirgi '96], [Bijnens et al. '07]
@ limits

@ massless limit

o large N limit
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O(N) sigma model: physical mass M, large N

[Bijnens, Carloni '09]
@ powercounting: F' ~ /N, M? ~ 1

@ no lines shared between two loops

@ as many closed flavour loops as there are loops

@ only tadpoles = cactus diagrams

O
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O(N) sigma model

aIready calculated [Bijnens, Carloni '09,'10], [Bijnens, KK, Lanz '12]
@ mass M,
@ pion decay constant Fi;
@ ¢¢ scattering, Fy, Fg
massless case [Kivel, Polyakov, Vladimirov '08,'09,'10,"10]
@ ¢¢ scattering, Fy, Fg

@ recursive relations

N.B. knowing F} enables the expansion both in L ~ M?/F? x log M
and in Ly ~ M2/F? x log M,
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O(N) sigma model: vector formfactor

for m — v we will need even number of pions and one photon
o effectively hidden in Fy,

@ definition

(6 (D)1t —38,16" (B0)) = (867 — 516 i(p+pi) Fy [(py — i)?] |
@ calculated already in [sijnens, Carloni '10]
@ problem in cross-check with massless case in [polyakov et al]

@ independent study using disp.relations (77 partial amplitude)
[Bijnens,KK,Lanz '12]

discFy (s) = t] Fy/(s)

@ => [Polyakov et al| mlstake
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O(N) sigma model: vector formfactor

[Bijnens, Carloni '10],[Bijnens,KK,Lanz '12]

@ calculated up to 5 loops
o Chlral ||m|t (See [Polyakov et a\])

@ closed form for NLL

KN

1 4 2
ONLL _
K= —log(—p2/t)
= ———log(—
L= Tem2p2 OBVTH

)
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O(N) sigma model: vector formfactor

The expansions of the leading logarithms order by order for the vector
form-factor in the chiral limit and next-to-large N limit (F' = 0.090 GeV,
=077 GeV and N =3

1.3

1.25 |

115 |

2
IFyl

1.05

0.95 ..

.
0.4 0.2 0 0.2 0.4 06 0.8
t[GeV?]

K. Kampf Anomalous processes and leading logarithms 27/44



Odd sector

O(N) done only for N = 3 (SU(2))
1. 7y = 7m
2. ™ — yy
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Odd sector: 1. my — 7w

70y — 7979 C forbidden
7= (p1)y(k) = 7 (p2)7°(po) described by VAAA box anomaly

Mandelstam variables: s,t,u

(]

(]

(]

s+t+u=3M+Ek
@ due to symmetry, reasonable to take

An:8n+tTL+uTL

3 _ 3 3m_ €
FW—Foﬂ-f(S,t,U), Foﬂ_@
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Odd sector: 1. my — 7w

The irreducible diagrams for the process 7y — w7 up to two-loop level

SIS

auxiliary diagrams
L0] (0]
& ) Y
% n
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Odd sector: 1. my — 7w

1, - 1 - )
fE (s tu) = 1+ Lug (3 + k2) + Ly (R = 3)(R + 33)

. 1 - - ~ ~ ~ .
3 2 4 6 4
+ L Ta0g (9085 — 6408 — 8157 + 2105k + 81K + & ) + L gregg | — 19328

+A3(88538 + 1890k?) — Ay (577760 4 12240k? + 540k*) — 2433375 + 1296190k>
+57430k" + 480K + 1851%8]

L 7[A5 132521
+ EM356592000 (13252156)

—A4(160744570 + 518350k?) 4+ As(1465187530 4 39593272k + 247260k*)
—Ay(6756522937 + 257781206k + 11188776k* — 9160k5) — 6498695163

+12675091794k% + 801259373k* + 4780240k° + 2948600%° — 183212:10] :

remark: massless limit simple, no function found so-far
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Phenomenology, 1. 7y — 7w

@ little experimental information

officially only experiment at Serpukhov

1 +(Z,A) =1 +1°+(Z,A) . (3)

(]

Their analysis only includes events with low invariant mass of the
final state pion pair (v/s < v 10M;)
the measurement indicates

(]

F3™ =12.94+0.94+0.5 GeV 3

exp

theoretical value Fy™ = 9.8 GeV
new activity (?)

o viam e” = 1 e 70 (SPS CERN '85) [iller.Scherer et al. 05]
o CLAS in CEBAF at JLab

(]
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Phenomenology, 1. 7y — 7w

@ higher order corrections
F3¥(s,t,u) = F§™(1+ f§" + [P + f5+..).

@ 1-loop corrections: [Bijnens, Bramon, Cornet '89]
@ EM corrections: [Ametller, Knecht, Talavera '01]

o different models for counter-terms, e.g. hidden local symmetry
(HLS), quark constituent model (QCM) [standbers ‘03, Schwinger-Dyson
equation (SDE) piangWang 10,

@ The experimental extraction of the anomalous 37 factor F§™ (in
GeV~3) using various models for higher order corrections

LO | fEM T fPoP(LL) | £ | £5F (HLS) | f5° (QCM) | f* (SDE)
Fg'” 129 | 12.3 12.0 11.8 11.3 10.1 11.9
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Phenomenology, 1. v — 7w, LL

@ The contributions from the leading logarithms up to sixth order to
the experimental extraction of the anomalous v3 factor F3™ (in

GeV—3).
LO | AL-LL | A2-LL | A3-LL | A4-LL | A5-LL
Fj™ 129 | -03 0.04 0.02 0.006 | 0.001
@ energy dependence via some expansion, e.g. in s around 7T
threshold

Fo(s,t = 4M72) = Fy™ (1 + a + Bs/M7 4 O(s%))

o B
(&) 1/2 0
s ~11/8 0
c3 —13367/1296 —775/648
cy —1414225/31104 —237877/25920
c5 | —14201792401/81648000 | —4652736041/81648000
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Odd sector: 2. w0~y

the most important process of this sector

important in normalization of 7° decays

topology complicated: two types of one-loop diagrams
no logarithms at one-loop order [ponoghue et a's6], [Bijnens et a'sg]

true only for on-shell case

e © 6 ¢ ¢ ¢

logarithms at 2-loop order [kk,Moussallam'09]
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Odd sector: 2. v+, 2 loop

(o} (1 {0}
Q) @ @ “ ®)

0] o] o] (1] o]
. . . ) . . )
o] (0] [0] [0} o] (1] (o]
@ @

(8) (6) @)
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Odd sector: 2. 'y, 3 loop

FRILLIRTRIFRRQRQY

PR YT FITHRIRP T
(e
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Odd sector: 2. 'y, 4 loop

0 O R O et A A
R D S D O
2 Gy AR ES I RS IR T O Q)
TG P G oD G ety
jsReReReReRe B Be Rl Rep iR

%@
7
-

Q@ QWFFE
PHRIUT
G ol o
p AR R R g
BEBO Qo

30600 Qe D e
OO D
0ROk D [
30O 3 PO
1000 & e
ORI -Oe e
OO A O

38 /44




O e O B
Ot PO
O e O g 4
G e 1k
T PraCr Lot
G P G G
3k S Orotye €k
L DeoCesQrotx
Gk e O G €k
P a0k O
P oG o
O O Gl O
e e e Sules
P o0 G O
ageen e
DraOeatk g O
O “OTeCk G £k
O 3000k Gt Tk
SO0k O D O x
L0000 O P O3
Co0e0 G Do Ok
VQQ%VQQ
Wé@%ﬁ@@
30 Otk OF O [k
N sgesoe e b O
L OO DO O
O aoegr r o
O Geagrostge I O Ok
W Gk Gk Do Ok
T OeOk e T O Gk
B O Goagr Dk Ce

Deieane e L oot Lo e [0
Tt e i e e G e a0
TG e Qe e De a0
Deatpeac e Qe il e e g e
Dot Deseodie e De Dreegeote 1 L0
Be-pest Dot dhe Tt Do Dol e L6
eothe-On ey i e O e Qr 6 e O
TreaeCr Toesprodfe okl e Deoeate e a0
Dreodfestn el et De Dot e 1 O
Tt e e il P 6 Qo W ey
et oo oo i e e o oo e i 2
V%@w&%%%wﬁéﬁ%ﬁim
Tl e Qo i KO8 Dot e e e

ToestgeaOx oraGreGr Ll pea0e Lo e S

DGt sl £ Ue-Oe e O 00 e £

Deeate Dot o fea0x 0 Qo e e 043

Ot oo e e Yoate Preoteotpe Fx e £
SOt Dol e e O Do Qe et o

Ol Peoe-{fe (e POt D Qe ot K

30t e Dol ge Y esOe Dottt

SO e [ Desm ol FeOr Dot e Ko

Gt e T Thead el flean e Geaote oot

$0e i e Do geae e Qe e £
R e e e
500G e D eeesde O PeoleSoni 2411
Ot e o el a0t ot e L3 RS
0 B T Dot e e 06 D6 (e i B
300 D D Dol G a0 O et U Y
30x PeggeCr Dol G LfeaOe P Qe e S0
50 P dgeaCr DGt e Ox PGt o 1
O DefgeCe P G-l Doty g



Odd sector: 2. 7', result

62

va’y(k‘% k%) = MTFFV(k%)FV(k%)F"W(k‘% k%)F .

F = 1-1/6L% +5/6 L3, + 56147/7776 L + 446502199,/11664000 L3,
+65694012997/367416000 LS, ,

E,(K) = 14+ Ly(1/6E) + L3,(5/24 k% + 1/72kY) + L3,((71/432k2 +1/24k*

+1/1296 k%) + L4 ,(—24353/31104 k> + 4873/10368 k* — 2357/31104 k°

+145/31104 k%) 4 L5((—548440741/81648000 k> + 9793363 /3024000 k*

—32952389,/54432000 k5 + 487493,/13608000 k% — 2069,/10886400 k'°) ,

En (k3 k3) = 1+ L?M/;%fgg% + Ly k3k3[ — 203/7776 + 29/10368(k} + k3)
+1/216(k} + k3) — 1/144k3 k3] + L3, A7k3 [ — 5983633/10206000
+46103/1632960(k? + k2) -+ 372113/11664000(k1 + k3)
—211/5443200(k$ + kS) — 394157/9072000k7 k3
—4/25515k2k3 (k2 + k3)] .
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Phenomenology, 2. ¥ — vy

Leading logarithm contribution of individual orders in percent of the
leading order:

0.02F

0.00

-0.02

—0.04 -

—0.06

—0.08 Lt I I I I I I
0 1 2 3 4 5 6

Adler-Lee-Treiman-Zee-Terentev theorem on triangle and box anomaly

) 1
F7(0,0,0) = —5Fr3(0,0)
™

is valid up to 2-loop order for LL beyond the soft-photon limit
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Phenomenology, 2. 7m0 — ~v*y
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more info on formfactors: [MesonNet 1207.6556]
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New project: SU(N) x SU(N)

In collaboration with J.Bijnens and S.Lanz

@ even sector almost finished
@ one example on next page

odd sector slowly starting
two physical cases: N =2 and N =3
many checks available

large N limit: planar diagrams now

e © ¢ ¢ ¢

any resummation, any relation would be valuable
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SU(N) preliminary result: physical mass M,

@ # of diagrams: 1,5,16,45,116, 303, 790, ...
o M2=M?*(14+a Ly +asl?, +...)
Ly = M?/(1672 F?) log(u?/M?)

i | a; for N =2 a; for N =3 a; for general N

1 —-1/2 -1/3 —N7T

2 17/8 27/8 —1/2+9/2N2 + 3/8N?

3| -—103/24 —3799/648 —89/3N~3 +19/3N~! —37/24N — 1/12N3

4 | 24367/1152 146657/2592 +193/18 + 2015/8N~* — 773 /12N "2 + 121 /288 N?
+41/72N*4

5 | —8821/144 | —27470059/186624 | —38684/15N~° + 6633/10N % — 59303/1080N !
—5077/1440N — 11327/4320N3 — 8743 /34560N°
6" | Lot L250arrsies 205365409/972000 + 7329919 /240N 5
—1652293/240N~* — 4910303/15552N 2
—69368761/7776000N? + 14222209/2592000N4
+3778133/3110400N6

*

very preliminary
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