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Purpose

PT LECs from threshold parameters



Use a very recent dispersive analysis of data*, in order to
determine the values of the O(p*) and O(p®) LECs (low
energy constants) appearing in the ChPT 7t7r scattering
amplitudes.

We do it by fitting coefficients of the momentum expansion
around threshold.

* R. Garcia-Martin, R. Kaminski, J. R. Pelaez, J. Ruiz de Elvira, F. J. Yndurain, Phys. Rev. D83, 074004 (2011).
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Chiral Perturbation Theory weinberg, Gasser & Leutwyler

Low energy (< 4mf; ~1.2 GeV) effective theory of QCD with:

m DOF: 7t — pseudo-Goldstone bosons (NGB) of the
spontaneous chiral symmetry breaking

m most general expansion in masses and momenta
Lot = Lo+ Lyg+ L6+ - -+

m parameters: Low Energy Constants (LECs)
- absorbe loop divergencies
- contain details of underlying dynamics of QCD
- must be determined phenomenologically
or from lattice calculations
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Low Energy Constants (LECs) in 77t scattering

m Leading order (O(p?))

-My, fr

m Next-to-leading order (O(p*))
-l b, B3, 1y

m Next-to-next-to-leading order (O (p%))
- b1, b2, b3, by, bs, be
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Threshold parameters

rtt scattering amplitudes decomposed in partial waves

T(r)(s,1)
472

Fipy(s,1) = = % ;(2@ + 1) t47(s) Py(cos )

t4;(s) determined from the phase shift only (elastic regime)

30(s) gin s
) = £l

Effective range expansion at low p

1 1
m—Re to(s) = p* (ael +bap® + ECHP4 + )

§ ~ .

Scattering length  Slope parameter Shape parameter
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Introduction

Chiral Perturbation Theory Low Energy Constants (LECs)

Contributions to threshold parameters

Thre

op?) | o@) o(r°)
pol. Lipol. | J | bjpol. | b;J | K
{=0= S wave ag X X X X X
R%‘:[(S) = (as+bsl72+ %CSI’4+~-~) bs X X X X X X
cs X X X X | x
{=1= P wave ap X X X X X X
Re”i;(‘) = (arp? + bpp* + Serp® + ) bp X | x| X X | X
cp X X X | x
{ =2 = D wave ap X X X X X
Res(s) _ (aop* +bop® + Yepp* +..) bp x| x X | X
o X X | x
=3 = F wave ar X X X X
RO1s() — (arp® + brp* + Serp +..) br X X | X
CcF X X | x
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Sum rules

We use the threshold parameters calculated in * using
Froissart-Gribov sum rules for / > 0

U= T (0 +3/2)

VET(£41) /°° ds Im F ) (s, 4m3,)
4 st

2
oy

by = VT (L +1) [oz S{4|mF<,)Qose(s,4m%T) (€+1)ImF(,)(s,4m§T)}

T 2mAT(€+3/2) (s — am2)st+1 st+2

(obtained by projecting a dispersion relation -or its derivative-
over the /th partial wave in the r channel)

and fast converging sum rules for bgy, b5, and bp

* R. Garcia-Martin, R. Kaminski, J. R. Pelaez, J. Ruiz de Elvira, F. J. Yndurain, Phys. Rev. D83, 074004 (2011).
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In order to calculate the c¢,; parameters, we use the
Froissart-Gribov sum rule for ¢ > 0 for them

VAT(L+1) /oo g {16ImF(z>g’059<s,4m%)
4

cyp = 4”1”1_,(5_’_3/2) (s_4m%_)2sf+l

IM F(1) g0 (5 4m%) | 1M F(p) (s, 4m%) (04 2)2(0+1)
(s — 4m%r)s‘€+2 st+3 {+3/2 !

2
My

— 8(t+1)

and three additional fast converging sum rules for csy, cs» and

cp
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14ap 16 /°° rJImF—o(s)  ImF_i(s)  SImF—(s)
4 3574 254 654

PETTE T Smy

ImF_y(s) 3apmy } }

s—amZ)* dn(s —4m%)3/2
s us

2
m

00 + 1
cs2 = —6bp — 10aps + = 8 A {'mfﬂ (s)

+
53 (s — 4m%)5/2

Im FO* (s) 2mna§2 s — 4m? (i I a’
x - - T M Qasybys +ady) - 32
|:\/x74m% T T 2 4my

m

) 20 10apg + 12 12 / Im F%0(s) 1
cso = —2csy — 20apy — 10a, —_—
50 = —2¢s52 D2 DO . 3 (s—dm2)5/2
Im F0 (5 dm(2a%, 4+ ak,) s — dm 242, + a2
( ) _ 3S2 S0/ 3 e mi‘[(zaSZhSZ +a§2 +2a50b50 +a§0) _ S; SO
\/s — 4m,gr T n M

Threshold limit of the second derivative of a forward dispersion
relation for Fj,—;, FOt and F% (po+ = M2 4 Tt po0 = pfiz2 | Fico))
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We fit the ChPT expressions for the threshold parameters.
In order to see how the series converge, we make

m One-loop fits

m Two-loop fits
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One-loop fits
op*) | oW
pol. | fipol. | J
asg, asz X X X
bso.bs2 | X X | X m Four parameters:
- . « -
Cs05 CS2 li 1o'd lf(#)\y:mn
ap X X X
bp X X m Only ten observables carry
cp X dependence on LECs
apo, ap2 X X .
b b y m Only five observables have
DO D2
O(p?) as leading contribution
Cp0s CD2 X (p ) 9
ar X
bF X
CF X
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B ag0p), bs0,2), aprt Observables for which the leading
contribution is of O(p?)

B ap(p): commonly used for the determination of /; and £,

Z] 72 73 74 Xz/d.o.f.
a H
) $(02) @11 0 51407 -148 7.140.7 | 023
5(0,2)s 4P
apn (1754022 591+0.10 — — 0

Incompatible fits
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If we include the 10 observables containing /;, the
incompatibility is even clearer

I b I ly x*/d.of
Al -2.06+0.14 5.9740.07 -5+8 7.1+0.6
All, fr ¢+ fy -1.0640.11 46409 0+6 5.0+0.3 | (7.06

If one insists in using O(p*) for simplicity, one needs to sacrifice
precision

-1.5+0.5 5.2+0.7 -24+7 6.0+1.2

Hence, a precise description calls for higher order corrections
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Two-loop fits
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Two-loop fits
op*) | o@h) o(r°)
pol. Lipol. | J | bipol. | biJ | K
aso, asp X X X X X X
bso, bs> X X X X X | x m Six parameters
CS0y CS2 X X X X X Ei
ap X o X * 1 X|  m 18 observables
bp X X X X X
e y y < | x m Ten observables
apo, ap2 X X X X | x have O(p4)
bpos b X . < | x contributions
CD0s €D2 X x | x depending on ;
ar X X X X
br X X X
CcF X X X
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Two-loop fits

e aspp, bsp, cs: we fit the same 10 observables (those for
which the O(p*) contribution depends on the 1)

b by b3 Dba bs be x%/d.of.

asp,n,
poner 144 146312 0205005 0.76£0.02 0111 22402

At two loops, the ten observables are well fitted /
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Two-loop fits

However, if we include in the fit

e All: 18 threshold parameters

1_71 1_72 1_73 1_74 l_75 l_76 Xz/d.o.f.
a y
b::’is A4+4 146412 -0.29+40.05 0.76+£0.02 01+11 22402  1.19
Al 243 142410 -0.39+0.04 0.746+0.013 3.14+0.3 258+0.12

v

Hints to the need of higher order corrections in order to describe the
threshold parameters at the current level of precision

Not such a good fit
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Two-loop fits

We observe that the larger contribution to the x> comes from cp

e W/o cp: All parameters except cp

b b b3 I bs bs xX*/d.of.

a y
SPP {a+4 146412 -0294005 0764002 04411 22402  1.19

bs,p, cs
All 243 14.241.0 -0.39+0.04 0.746+0.013 3.1+0.3 2.58+0.12
15.941.1 -0.36+0.04 0.75340.012 2.2+0.3 2.44+0.12

Wi/o cp -6+3
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We repeat the fit without cp replacing f;; by f in O(p®) terms

(higher order effect)

El l_72 1_73 1_74 1_75 1_76 )(z/d.o.f.
W/o cp -6+3 15.9+1.1 -0.36+0.04 0.75+0.01 2.24+0.3 2.4+0.1 2.9
W/o cp
) . -1243 13.9+0.9 -0.304+0.04 0.73+0.01 1.0+0.3 1.9+0.1 1.04
fr < fo
Our

-7+6 14+2 -0.31+0.07 0.73+0.02 1.2+1.1 2.0+0.5
estimate

!

weighted average with systematic errors to include both results
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We repeat the fit without cp replacing f;; by f in O(p®) terms

(higher order effect)

Bl Bz 1_73 1_74 [75 1_76 )(2 /d.o.f.
W/o cp -6+3 15.9+1.1 -0.36+0.04 0.754+0.01 2.2+0.3 2.440.1 2.9
W/OL‘p

-12+3 13.9+0.9 -0.30+0.04 0.73+0.01 1.0£0.3 1.9+0.1 1.04
f/'r <%f()
Our

-7+6 1442 -0.31+0.07 0.73+0.02 1.2+1.1 2.0+0.5
estimate
CGL* -13+1 11.7+£0.9 -0.33+0.12 0.74+0.03 3.6+1.7 2.440.2

Results compatible with previous determinations

* G. Colangelo, J. Gasser, and H. Leutwyler, Nucl. Phys. B 603 (2001) 125.
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Summary
Summary

We have calculated the threshold parameters ¢, by using a
precise dispersive data anaylsis in sum rules.

We have shown results of one and two-loop fits:

m One loop (4 parameters, [;):

- not enough to describe observables with precision

m Two loops (6 parameters, b;):

- all observables except for cp are well described
- with parameters consistent with previous determinations
- but, at least cp, calls for even higher order corrections
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Resulting observables:

Avg. O(p*) Avg. 0(p®) Sum rules
aso 0.2134+0.009 0.235+0.015 | 0.220 & 0.008
asy(x10?) | —4.45403 —4.14+04 42404
ap(x103) 38.6+1.2 38.840.9 38.140.9
apo(x 10%) 15+3 16.8 0.6 17.84+0.3
app(x 10%) 134+1.0 1.84+03 1.85+0.18
ap(x10°) — 46405 5.65+0.23
bso 0.25440.010  0.270£0.008 | 0.278 4 0.005
bsa(x10%) —8240.5 —84403 —82404
bp(x10%) 44+05 51402 53740.14
bpo(x 10%) — —3.6+04 —3.5402
bD2(><104) — —3.1+04 —-33+0.1
br(x10°) — —3540.3 —4.06 4 0.27
eso(x102) 23413 12407 0.45 4+ 0.67
Lsz(x1o2) 34407 2.8+0.14 2.8040.24
cp(x10%) — 0340.2 1.39 +0.12
cpo — 3.640.2 44403
cm — 32402 3.6+0.2
crp(x10°) — 5.640.5 6.9+04
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One-loop fits

71 72 73 74 )(z/d.o.f.
withLO 1.1+£1.0 5.14+0.7 -1+£8 7.1£0.7 0.23

e With LO: five observables with O(p?) contribution
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Summary
One-loop fits

71 72 73 74 xz/dof
with LO 1.1£1.0 51+0.7 -1£8 7.1+0.7 0.23
D-waves -1.75+0.22 5.91+0.10 — — 0

e With LO: five observables with O(p?) contribution
e D-waves: [; and [, from apg and ap,
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Summary
One-loop fits

1, I I I x%/d.of.
with LO 1.1£1.0 51+0.7 -1+£8 7.1+0.7 0.23
D-waves -1.75+0.22 5.91+0.10 — — 0
Only ¢ -2.440.9 4.8+0.4 — — 0

e With LO: five observables with O(p?) contribution
e D-waves: [; and [, from apy and ap»
e Only ¢: [ and I, from cgp and cs;
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One-loop fits

I, I I I x*/d.of.
with LO 1.1£1.0 51+0.7 -1+8 7.1+0.7 0.23
D-waves -1.75+0.22 5.91+0.10 — — 0
Onlycs  -2.4+0.9 4.8+0.4 — — 0
All -2.06+0.14 5.97+0.07 -5+8 7.14+0.6 7.9

e With LO: five observables with O(p?) contribution
e D-waves: [} and I, from apy and ap»

e Only ¢;: [} and [, from ¢gp and cs»

e All: ten observables fitted
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One-loop fits

I I I Iy x2/d.olf.
with LO 1.1+1.0 51+0.7 -1+£8 7.14+0.7 0.23
D-waves -1.754+0.22 5.91+0.10 — — 0
Onlycs  -2.4+0.9 4.84+0.4 — — 0
All -2.06+0.14 5.97+0.07 -5+8 7.14+0.6 7.9
All f, -1.064+0.11  4.6+09 0+6 5.0+0.3 7.06

¢ With LO: five observables with O(p?) contribution
e D-waves: [; and I, from apy and ap;

e Only ¢: [ and [, from ¢gp and cs»

¢ All: ten observables fitted

o All fo: same, replacing f by fo in O(p*) terms
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Summary
One-loop fits

I, I I Iy x%/d.of.
with LO 1.1+1.0 5.1£0.7 -1£8  7.1+0.7 0.23
D-waves -1.7540.22 5914010 —  — 0
Onlyc; 24409 48104 —  — 0
All -2.06£0.14 5.97+0.07 -5+&8 7.1+0.6 7.9
Ay, 1064011 46409 0+6 50403 | 7.06
OUr 15405 52407 247 60412 —
estimate
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