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Background

Sullivan process

Large flavor asymmetry in proton sea suggests important 
role of     cloud even in
high-energy reactions

π

Sullivan, PRD 5, 1732 (1972)
Thomas, PLB 126, 97 (1983)

π(k)
N(p)

γ5

C C

C C

Cγ∗(q)

(d̄− ū)(x) =

� 1

x

dy

y
fπ(y) q̄

π(x/y)

pion light-cone momentum
distribution in nucleon

E866, PRL 80, 3715 (1998)
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Extraction of parton distributions from lattice QCD 5
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Fig. 1. Moments of the unpolarized u − d distribution in the proton, for n = 1, 2 and 3. Lattice
data10 include both quenched (solid symbols) and unquenched (open symbols) results. The solid
line represents the full chiral extrapolation, while the inner (darkly shaded) error band shows
variation of µ by ± 20%, with the outer band (lightly shaded) showing the additional effects of
shifting the lattice data within the extent of their error bars. Linear extrapolations are indicated
by dashed lines, and the phenomenological values20 are shown as large stars at the physical pion
mass.

bn is simply bnm2
π) and bn is a third fitting parameter,7 are indistinguishable from

those in Fig. 1.
Note that the majority of the data points (filled symbols) are obtained from

simulations employing the quenched approximation (in which background quark
loops are neglected) whereas Eq. (4) is based on full QCD with quark loop effects
included. On the other hand, recent calculations with dynamical quarks suggest that
at the relatively large pion masses (mπ > 0.5–0.6 GeV) where the full simulations
are currently performed, the effects of quark loops are largely suppressed, as the data
in Fig. 1 (small open symbols) indicate. Further details of the lattice data,2,3,4,5

and a more extensive discussion of the fit parameters, can be found elsewhere.10

A similar analysis leads to analogous lowest order LNA parameterizations of the
mass dependence of the spin-dependent moments17

〈xn〉∆u−∆d = ∆an

(

1 + ∆cLNAm2
π log

m2
π

m2
π + µ2

)

+ ∆bn
m2

π

m2
π + m2

b,n

, (6)

and

〈xn〉δu−δd = δan

(

1 + δcLNAm2
π log

m2
π

m2
π + µ2

)

+ δbn
m2

π

m2
π + m2

b,n

, (7)
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those in Fig. 1.
Note that the majority of the data points (filled symbols) are obtained from

simulations employing the quenched approximation (in which background quark
loops are neglected) whereas Eq. (4) is based on full QCD with quark loop effects
included. On the other hand, recent calculations with dynamical quarks suggest that
at the relatively large pion masses (mπ > 0.5–0.6 GeV) where the full simulations
are currently performed, the effects of quark loops are largely suppressed, as the data
in Fig. 1 (small open symbols) indicate. Further details of the lattice data,2,3,4,5

and a more extensive discussion of the fit parameters, can be found elsewhere.10

A similar analysis leads to analogous lowest order LNA parameterizations of the
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Nonanalytic behavior vital for chiral extrapolation
of lattice data

Detmold, WM et al., PRL 87, 172001 (2001)

Chiral expansion of moments of fπ(y)

model-independent leading nonanalytic (LNA) behavior

�x0�d̄−ū ≡
� 1

0
dx(d̄− ū) =

2g2A
(4πfπ)2

m2
π log(m

2
π/µ

2)

Thomas, WM, Steffens, PRL 85, 2892 (2000)
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Direct calculation of matrix elements of local twist-2
operators in ChPT disagrees with “Sullivan” result

�xn�u−d = an

�
1 +

(3g2A + 1)

(4πfπ)2
m2

π log(m
2
π/µ

2)

�
+O(m2

π)

Chen, X. Ji, PLB 523, 107 (2001)
Arndt, Savage, NPA 692, 429 (2002)

is there a problem with application of ChPT or
“Sullivan process” to DIS?

is light-front treatment of pion loops (zero modes)
problematic?
investigate relation between covariant,  instant-form, 
and light-front formulations

consider simple test case:  nucleon self-energy
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Self-energy
From lowest order PV Lagrangian

gA
fπ

=
gπNN

M

Σ = i
�gπNN

2M

�2
u(p)

�
d4k

(2π)4
(/kγ5�τ)

i (/p− /k +M)

DN
(γ5/k�τ)

i

D2
π

u(p)

Goldberger-Treiman
DN ≡ (p− k)2 −M2 + iε

Dπ ≡ k2 −m2
π + iε

Σ = −3ig2A
4f2

π

�
d4k

(2π)4
1

2M

�
4M2

�
m2

π

DπDN
+

1

DN

�
+

2p · k
Dπ

�

rearrange in more transparent  “reduced” form

+
PV PV

rainbow “tadpole”

C.-R. Ji, WM, Thomas, PRD 80, 054018 (2009)

5



Self-energy
Covariant (dimensional regularization)

�
d4−2εk

1

DπDN
= −iπ2

�
γ + log π − 1

ε
+

� 1

0
dx log

(1− x)2M2 + xm2
π

µ2
+O(ε)

�

�
d4−2εk

1

DN
= −iπ2M2

�
γ + log π − 1

ε
+ log

µ2

M2
+O(ε)

�

ΣLNA
cov = − 3g2A

32πf2
π

�
m3

π +
1

2π

m4
π

M
logm2

π +O(m5
π)

�

combining terms gives well-known       LNA behavior
(from             term)

m3
π

1/DπDN
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Self-energy
Equal time (rest frame)

�
d4k

1

DπDN
=

�
d3k

� ∞

−∞
dk0

1

(−2)(ωk − iε)

�
1

k0 − ωk + iε
− 1

k0 + ωk − iε

�

× 1

2(E� − iε)

�
1

k0 − E + E� − iε
− 1

k0 − E − E� + iε

�

E� =
�

k2 +M2ωk =
�

k2 +m2
π ,

four time-orderings

Σ(+−)
ET , Σ(−+)

ET , Σ(++)
ET , Σ(−−)

ET

= 0positive energy “Z-graph”

Σ(+−)LNA
ET = − 3g2A

32πf2
π

�
m3

π +
3

4π

m4
π

M
logm2

π + O(m5
π)

�

Σ(−+)LNA
ET = − 3g2A

32πf2
π

�
− 1

4π

m4
π

M
logm2

π + O(m5
π)

�
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Self-energy
Equal time (infinite momentum frame)

Σ(+−)
IMF = − 3g2AM

16π3f2
π

� ∞

−∞
dy

�
d2k⊥

P

2E�
1

2ωk

m2
π

(E − E� − ωk) pz ≡ P → ∞
y = p�z/pz=

3g2AM

32π2f2
π

� 1

0
dy

� Λ2

0
dk2⊥

m2
π

k2⊥ +M2(1− y)2 +m2
πy

Σ(−+)
IMF =

3g2AM

16π3f2
π

� ∞

−∞
dy

�
d2k⊥

P

2E�
1

2ωk

m2
π

(E + E� + ωk)
= O(1/P 2)

nonanalytic behavior as for rest frame expression 

ΣLNA
IMF = Σ(+−)LNA

IMF = − 3g2A
32πf2

π

�
m3

π +
1

2π

m4
π

M
logm2

π +O(m5
π)

�
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Self-energy
Light-front

�
dk+dk−d2k⊥

1

DπDN
=

1

p+

� ∞

−∞

dx

x(x− 1)
d2k⊥

�
dk−

�
k− − k2⊥ +m2

π

xp+
+

iε

xp+

�−1

×
�
k− − M2

p+
− k2⊥ +M2

(x− 1)p+
+

iε

(x− 1)p+

�−1

= 2π2i

� 1

0
dx dk2⊥

1

k2⊥ + (1− x)m2
π + x2M2

x = k+/p+

identical nonanalytic results as covariant & instant form

C.-R. Ji, WM, Thomas, PRD 80, 054018 (2009)

ΣLNA
LF = − 3g2A

32πf2
π

�
m3

π +
1

2π

m4
π

M
logm2

π +O(m5
π)

�
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Self-energy
Light-front

�
d4k

1

DN
=

1

2

�
d2k⊥

�
dk+

k+

�
dk−

�
k− − k2⊥ +M2

k+
+

iε

k+

�−1

use LF cylindrical coordinates

= −2π

�
d2k⊥

�� r0

0
dr

r�
r40 − r4

+ i lim
R→∞

� R

r0

dr
r�

r4 − r40

�

          “tadpole” term has k   pole that depends on k
and moves to infinity as k       0
(“treacherous” in LF dynamics) 

1/DN
- +

+

r0 =
�

2(k2⊥ +M2)

k+ = r cosφ, k− = r sinφ

=
1

2

�
d2k⊥ lim

R→∞

�
−π2 + 2πi log

r20
R2

+O(1/R4)

�

contains                    
term as required

log(k2⊥ +M2)
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Self-energy
Pseudoscalar interaction

contains additional (“treacherous”) pion “tadpole” term

ΣPS = ig2πNN u(p)

�
d4k

(2π)4
(γ5�τ)

i (/p− /k +M)

DN
(γ5�τ)

i

D2
π

u(p)

= −3ig2AM

2f2
π

�
d4k

(2π)4

�
m2

π

DπDN
+

1

DN
− 1

Dπ

�

similar evaluation as for          term1/DN

additional lower order term in PS theory!

ΣPS
LNA =

3g2A
32πf2

π

�
M

π
m2

π logm
2
π −m3

π − m4
π

2πM2
log

m2
π

M2
+O(m5

π)

�
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Vertex corrections
Pion cloud corrections to 
electromagnetic N coupling

(d)(c)

(e)

(g)(f)

(a) (b)

N rainbow (c),      rainbow (d),
Weinberg-Tomozawa (e), 
    tadpole (f),  N tadpole (g)

π

π

Vertex renormalization
(Z−1

1 − 1) ū(p) γµ u(p) = ū(p)Λµ u(p)

Z−1
1 − 1 ≈ 1− Z1 =

M

p+
ū(p)Λ+ u(p)taking “+” components:

e.g. for N rainbow contribution,

ΛN
µ = − ∂Σ̂

∂pµ
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Vertex corrections

1− Zi
1 =

�
dy fi(y)

with components

Define light-cone momentum distributions fi(y)

fπ(y) = f (on)(y)− f (δ)(y)

fN (y) = f (on)(y)− f (off)(y) + f (δ)(y)

fWT(y) = −f (off)(y) + 2f (δ)(y)

fπ(tad)(y) = −fN(tad)(y) = f (tad)(y)

f (on)(y) =
g2AM

2

(4πfπ)2

�
dk2⊥

y(k2⊥ + y2M2)

[k2⊥ + y2M2 + (1− y)m2
π]

2

f (off)(y) =
g2AM

2

(4πfπ)2

�
dk2⊥

y

k2⊥ + y2M2 + (1− y)m2
π

f (δ)(y) = − g2A
4(4πfπ)2

�
dk2⊥ log

�
k2⊥ +m2

π

µ2

�
δ(y)

f (tad)(y) = − 1

2(4πfπ)2

�
dk2⊥ log

�
k2⊥ +m2

π

µ2

�
δ(y)

where
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Pion distribution          contains on-shell contribution
             equivalent to PS resultf (on)(y)

fπ(y)

Nucleon distribution           contains in addition new
off-shell contribution

fN (y)

f (off)(y)

Both contain        components            which are
present only in PV theory

f (δ)(y)δ(y)

Weinberg-Tomozawa term               needed for
gauge invariance

f (WT)(y)

(1− ZN
1 ) = (1− Zπ

1 ) + (1− ZWT
1 )

Nucleon and pion tadpole terms equal & opposite

(1− Zπ (tad)
1 ) + (1− ZN (tad)

1 ) = 0
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Nonanalytic behavior of vertex renormalization factors

1− Zπ
1

NA−→ 3g2A
4(4πfπ)2

�
m2

π logm
2
π − 5π

3

m3
π

M
− m4

π

M2
logm2

π + O(m5
π)

�

1− ZN
1

NA−→ 3g2A
4(4πfπ)2

�
m2

π logm
2
π − π

m3
π

M
− 2m4

π

3M2
logm2

π + O(m5
π)

�

1− ZWT
1

NA−→ 3g2A
4(4πfπ)2

�
2π

3

m3
π

M
− m4

π

3M2
logm2

π + O(m5
π)

�

1− ZN (tad)
1

NA−→ − 1

2(4πfπ)2
m2

π logm
2
π

1− Zπ (tad)
1

NA−→ 1

2(4πfπ)2
m2

π logm
2
π

cancellation of                 terms in WT contributionm2
π logm

2
π

demonstration of gauge invariance condition 
(in fact, to all orders!) 
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Nonanalytic behavior of vertex renormalization factors

1/DπD2
N 1/D2

πDN 1/DπDN 1/Dπ or 1/D2
π sum (PV) sum (PS)

1− ZN
1 g2 ∗

A 0 − 1
2g

2
A

1
4g

2
A

3
4g

2
A g2A

1− Zπ
1 0 g2 ∗

A 0 − 1
4g

2
A

3
4g

2
A g2A

1− ZWT
1 0 0 − 1

2g
2
A

1
2g

2
A 0 0

1− ZN tad
1 0 0 0 −1/2 −1/2 0

1− Zπ tad
1 0 0 0 1/2 1/2 0

in units of* also in PS

origin of ChPT vs. Sullivan process difference clear

1

(4πfπ)2
m2

π logm
2
π

�
1− ZN (PV)

1

�

LNA
=

3

4

�
1− ZN (PS)

1

�

LNA
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Moments of PDFs
PDF moments related to nucleon matrix elements 
of local twist-2 operators 

�N | �Oµ1···µn
q |N� = 2 �xn−1�q p{µ1 · · · pµn}

�xn−1�q =

� 1

0
dx xn−1 (q(x) + (−1)nq̄(x))

operator is

n-th moment of (spin-averaged) PDF q(x)

�Oµ1···µn
q = ψ̄γ{µ1 iDµ2 · · · iDµn}ψ − traces

Lowest (n=1) moment                           given by 
vertex renormalization factors

�x0�q ≡ MN +Mπ

∼ 1− Zi
1
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For couplings involving nucleons

wave function renormalization

M(p)
N = Z2 + (1− ZN

1 ) + (1− ZN (tad)
1 )

M(n)
N = 2(1− ZN

1 )− (1− ZN (tad)
1 )

1− Z2 = (1− Zp
1 ) + (1− Zn

1 ) ≡ 3(1− ZN
1 )

M(p)
π = 2(1− Zπ

1 ) + 2(1− ZWT
1 ) + (1− Zπ (tad)

1 )

M(n)
π = −2(1− Zπ

1 )− 2(1− ZWT
1 )− (1− Zπ (tad)

1 )

For couplings involving only pions
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no pion corrections to isosclar moments

Nonanalytic behavior

M(p)
π

LNA−→ (3g2A + 1)

2(4πfπ)2
m2

π logm
2
π

M(n)
π

LNA−→ − (3g2A + 1)

2(4πfπ)2
m2

π logm
2
π

M(p)
N

LNA−→ 1− (3g2A + 1)

2(4πfπ)2
m2

π logm
2
π

M(n)
N

LNA−→ (3g2A + 1)

2(4πfπ)2
m2

π logm
2
π

isovector correction agrees with ChPT calculation

M(p−n)
N

LNA−→ 1−
�
4g2A + [1− g2A]

�

(4πfπ)2
m2

π logm
2
π

M(p−n)
π

LNA−→
�
4g2A + [1− g2A]

�

(4πfπ)2
m2

π logm
2
π

PS (“on-shell”)
contribution

-function
contribution
δ
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Pion distribution functions
Using phenomenological form factors, compute functions
        numericallyfi(y)

0.0 0.2 0.4 0.6 0.8 1.0
�0.6

�0.4

�0.2

0.0

0.2

0.4

0.6

y

f�y�
�
�
�
69
3

fNtad �y�
fΠtad �y�
fWT�y�
fΠ�y�
fN �y�

for transverse momentum cut-off F (k⊥) = Θ(k2⊥ − Λ2)

WT contribution < 0
because of off-shell term

large cancelations of
on- and off-shell terms

in N rainbow distribution

fπ(y) + fWT(y) +
1

2
fπ(tad)(y) = fN (y)− 1

2
fN(tad)(y)

symmetry relation respected
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Pion distribution functions
Using phenomenological form factors, compute functions
        numericallyfi(y)

0.0 0.2 0.4 0.6 0.8 1.0

�0.4

�0.2

0.0

0.2

0.4

y

f�y�
�
�
�
16
85
.5

fWT�y�
fΠ�y�
fN �y�

s-dependent (dipole) form factor sπN =
k2⊥ +m2

π

y
+

k2⊥ +M2

1− y

suppresses contributions
at y = 0 and y = 1
- no tadpoles!

Hendricks, Ji, WM, Thomas (2012)
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Summary 

ΣLNA
cov = Σ(+−)LNA

ET + Σ(−+)LNA
ET = Σ(+−)LNA

IMF = ΣLNA
LF

Equivalence demonstrated between self-energy in
equal-time, covariant, and light-front formalisms

non-trivial due to end-point singularities
PV and PS results clearly differ

Vertex corrections satisfy gauge invariance relations
(1− ZN

1 ) = (1− Zπ
1 ) + (1− ZWT

1 )

difference between PDF moments in
ChPT (PV)  &  “Sullivan” process (PS)

model-independent constraints on pion
light-cone momentum distributions
(impact on d - u data analysis in progress)--
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