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Álvaro Calle Cordón

Jefferson Lab

Newport News, August 7, 2012

In collaboration with José Goity



Outline

1/Nc - chiral perturbation theory (SU(2) case)

Baryon mass and axial current

Application: lattice extrapolations

− Nucleon and Delta masses

− Nucleon axial charge gA

Summary
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Large Nc limit + ChPT

Previous works
− Dashen & Manohar. Baryon - pion couplings from large Nc QCD. PLB315 (1993) 425.

− Dashen & Manohar. 1/Nc corrections to the baryon axial currents in QCD. PLB315 (1993) 438.

− Luty & March-Russell. Baryons from quarks in the 1/N expansion. NPB426 (1994) 71.

− Luty & March-Russell. Baryon magnetic moments in a simultaneous expansion in 1/N and m(s). PRD51 (1995) 2332.

− Luty. Baryons with many colors and flavors. PRD51 (1995) 2322.

− Bedaque & Luty. Baryon masses at second order in large N chiral perturbation theory. PRD54 (1996) 2317.

− Jenkins. Chiral Lagrangian for baryons in the 1/Nc expansion. PRD53 (1996) 2625.

− Oh & Weise. Baryon masses in large N(c) chiral perturbation theory. EPJ A4 (1999) 363

− Flores-Mendieta et al. On the structure of large N(c) cancellations in baryon chiral perturbation theory. PRD62 (2000)
034001.

− Flores-Mendieta et al. Renormalization of the baryon axial vector current in large-N(c) chiral perturbation theory. PRD74
(2006) 094001.

− Flores-Mendieta. Baryon magnetic moments in large-N(c) chiral perturbation theory. PRD80 (2009) 094014.
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Nucleon and ∆ masses from lattice QCD

USQCD Collaboration, A. Walker-Loud et al., PRD79, 054502 (2009)

PACS-CS Collaboration, S. Aoki et al., PRD79, 034503 (2009)
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The role of the ∆

Quark mass dependence in HBχPT:
Octet: mB = m0 + δm(1)

B + δm(3/2)
B + δm(2)

B + · · ·
Decuplet: mT = m0 + ∆0 + δm(1)

T + δm(3/2)
T + δm(2)

T + · · ·
m0: baryon mass in the chiral limit.
∆0: decuplet-octet (delta-nucleon) mass splitting in the chiral limit.
δm(n)

B,T : corrections to the baryon mass scaling as mn
q ∼ m2n

π

large Nc limit: ∆ = M∆ −MN → 0 ,Nc →∞

16π2 i I = · · ·+ 4(∆2 −M2
π)3/2J(∆,Mπ) + · · ·

≈
Mπ�∆

· · ·+ 16
3

∆3 − 3πMπ∆2 − 4M2
π∆ + 2πm3 + · · ·

J(∆,Mπ) =


π
2 − tanh−1

(
∆√

∆2−M2
π

)
m < ∆ ,

π
2 − tan−1

(
∆√

M2
π−∆2

)
m > ∆ .
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Nucleon axial charge from lattice QCD
LHPC 2006: R. G. Edwards et al., PRL96, 052001 (2006)
LHPC 2010: J. D. Bratt et al., PRD82, 094502 (2010)
RBC+UKQCD 2008: T. Yamazaki et al., PRL100, 171602 (2008)
RBC+UKQCD 2009: T. Yamazaki et al., PRD79, 114505 (2009)
ETM 2011: C. Alexandrou et al., PRD83, 045010 (2011)
CM 2012: S Capitani et al., arXiv:1205.0180v1
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The role of the ∆

The inclusion of the ∆(1232) at leading one-loop level is crucial in order to get a
satisfactory description of the quark-mass dependence of gA.

Stable convergence pattern for pion masses below 300 MeV.

Fine-tuning in the counterterms in order to get the rather flat dependence of gA

with mπ observed in the lattice.

⇒ Does this mean cancellations ?

⇒ We will understand why the ∆(1232) is so important !!!
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Chiral Perturbation Theory & 1/Nc Expansion
Meson sector

Unitary matrix of pion fields (Fπ = 92.4)

U(x) = exp
(

i
πa(x)τa

Fπ

)
The O(p2) chiral Lagrangian reads (〈A〉 ≡ Tr(A)),

L(2)
π =

F 2
π

4
〈DµUDµU† + χ†U + χU†〉

with standard definitions:

U = u2 , ∇µU ≡ ∂µU − irµU + iU`µ
rµ = vµ + aµ , `µ = vµ + aµ , χ = 2B(s + ip)

External fields: vector (vµ), axial (aµ), pseudoscalar (p) and scalar (s).
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Baryon sector: Spin-Flavor algebra in the large Nc limit
Gervais & Sakita (1984), Dashen & Manohar (1993)

From Witten’s counting rules:

Pion-nucleon scattering amplitude ∼ O(1) ... but pion-nucleon vertex ∼ O(
√

Nc)

Cancellation between diagrams: consistency conditions

∝
N2

c g2
A

F2
π

[
X ia
, X jb

]
= O(1)

Spin-Flavor SU(2Nf ) symmetry

Ground state baryon = spin-flavor symmetric multiplet B of SU(2Nf ) with S=I[
Si
, T a

]
= 0[

Si
, Sj
]

= iεijk Sk
,
[
T a
, T b

]
= iεabcT c

[
Si
,Gja

]
= iεijk Gka

,
[
T a
,Gib

]
= iεabcGic

[
Gia
,Gjb

]
=

i

2NF
δ

ab
ε

ijk Sk +
1

4
δ

ij f abcT c +
i

2
ε

ijk dabcGkc
.

J = I =
1

2
,

3

2
, · · · ,

Nc

2

B =


N

∆3/2

.

.

.
∆Nc/2

→ B =

(
N
∆

)
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Chiral Perturbation Theory & 1/Nc Expansion
Baryon sector

O(p) HB chiral lagrangian

L(1)
πB = i B†D0B + gA B†ua

i GiaB + B†δmSB ,

DµB = ∂µ B− i Γa
µ T aB ,

Γµ =
1
2

[
u (∂µ − irµ) u† + u† (∂µ − i`µ) u

]
,

uµ = i
[
u† (∂µ − irµ) u − u (∂µ − i`µ) u†

]
.

and Γa
µ ≡ 1

2 〈τ
a Γµ〉, ua

µ ≡ 1
2 〈τ

a uµ〉, δmS =
CHF
Nc

~S2,

All terms have same chiral order, they do have different 1/Nc orders.
The Weinberg-Tomozawa ∼ 1/F 2

π and overall O(p/Nc)
The πB coupling ∼ 1/Fπ and overall O(p

√
Nc)

Key scalings with Nc : Fπ = O(
√

Nc), gA = O(N0
c ), mB = O(Nc), Mπ = O(N0

c ).

Higher order lagrangians (under construction):
General form B† Oχ ⊗ G B & EOM
Oχ = tensor {uµ ,Dµ , χ±}, and G = tensor

{
1,Si ,T a ,Gia}
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Chiral Perturbation Theory & 1/Nc Expansion
A new combined power counting: the ξ-expansion

M = i
g2

A
F 2
π

k i
1k j

2

∑
n

GjbPnGia 1
p0 + k0

1 − δmn
+
(

a→ b , i → j , p0 → p′0 , k0
1 → −k0

1

)
The HB propagator can only be expanded when p0, p

′0, δmn � k0
1 , k0

2 .

1 Strict large-Nc limit (we can expand the HB propagator)

1
Nc
∼ δmn � k0 ∼ p , i.e. ,

1
Nc
∼ O(p2)

It has been known as large-Nc -ChPT

Luty ′95, Jenkins′96,Oh&Weise′99,Flores −Mendieta′00 . . .

2 Soft limit (we cannot expand the HB propagator)

1
Nc
∼ δmn ∼ k0 ∼ p , i.e. ,

1
Nc
∼ O(p)

Our expansion parameters is ξ ∼ 1/Nc ∼ mπ . Real life Mπ . m∆ −mN
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Baryon self energy

∆n = δmn − p0 ,

p0 = δmin + p0 ,

δm =
CHF

Nc

~S2 .

δΣ(1) = i
g2

A

F 2
π

1
d − 1

∑
n

GiaPnGia I(1)(n, p
0,Mπ) ,

I(1)(n, p
0,Mπ) =

∫
dd k

(2π)d

~k2

k2 −M2
π + iε

1
k0 −∆n + iε

,

= − i
16π2

{
∆n(2∆2

n − 3M2
π)

(
1
ε
− γ + log (4π)− log

(
M2
π

µ2

))
− 4(∆2

n −M2
π)3/2 tanh−1

(
∆n√

∆2
n −M2

π

)
−2π(M2

π −∆2
n)3/2 −∆n(5M2

π − 4∆2
n)
}
,

δm(1) = δΣ(1)

∣∣
p0→0 , δZ(1) =

∂δΣ(1)

∂p0

∣∣∣∣
p0→0
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Baryon mass and WF renormalization
WF renormalization CT structure

Finite + UV pieces:

δZ(1) = δZ Finite
(1) + δZ UV

(1)

Counter-terms structure

1 ~S2 ~S4

M0
π − 3g2

AC2
HF

64π2F2
π

(Nc +4)

N2
c

− g2
AC2

HF
32π2F2

π

(Nc +2)(Nc +6)

N2
c

g2
AC2

HF
8π2F2

π

1
N2

c

∼ O(p0/Nc) ∼ O(ξ) ∼ O(p0/Nc) ∼ O(ξ) ∼ O(p0/N3
c ) ∼ O(ξ3)

M2
π

3g2
A

512π2F2
π

Nc(Nc + 4) − g2
A

64π2F2
π

1
Nc

∼ O(p2Nc) ∼ O(ξ) ∼ O(p2/Nc) ∼ O(ξ3)

δZ CT
(1) =

ω1

Nc
+
ω2

Nc

~S2 +
ω3

N3
c

~S4 + z1NcM2
π +

z2

Nc

~S2M2
π
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Baryon mass and WF renormalization
Baryon mass CT structure

Finite + UV pieces:

δm(1) = δmFinite
(1) + δmUV

(1)

Counter-terms structure

1 ~S2 ~S4

M0
π

g2
AC3

HF
16π2F2

π

(Nc +4)

N2
c

g2
AC3

HF
48π2F2

π

5Nc (Nc +4)−24
N3

c

−7g2
AC3

HF
12π2F2

π

1
N3

c

∼ O(p0/N2
c ) ∼ O(ξ2) ∼ O(p0/N2

c ) ∼ O(ξ2) ∼ O(p0/N4
c ) ∼ O(ξ4)

M2
π

−3g2
ACHF

128π2F2
π

(Nc + 4)
5g2

ACHF
32π2F2

π

1
Nc

∼ O(p2/N0
c ) ∼ O(ξ2) ∼ O(p2/N2

c ) ∼ O(ξ4)

δmCT
(1) =

m̄0

Nc
+
µ0

N2
c

~S2 + µ1M2
π +

µ2

Nc

~S2M2
π +

µ3

N3
c

~S4

Baryon mass

δmB(S) = Ncm0 +
CHF

Nc
S(S + 1) + c1NcM2

π + δm(1)(S)/(1− δZ(1)(S))
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Vertex correction

∼ O(p3N3/2
c )

∼ O(p3N1/2
c )

δΓ(1) = −i
{

(1) +
1
2

((2) + (3))no−pole + (4)

}

(1) = i
(

gA

Fπ

)3 qi

d − 1

∑
n,n′

GjbPn′G
iaPnGjb

(
I(1)(n, p0,Mπ)− I(1)(n′, p′0,Mπ)

)
p0 − p′0 − δmn + δmn′

,

(2) + (3) = −
gA

Fπ
qi
{

GiaδZ(1) + δZ(1)G
ia + · · ·

}
+ pole − terms ,

(4) = i
gA

3F 3
π

qi ∆(Mπ)Gia

(1) +
1

2
((2) + (3))no−pole

∣∣∣∣
Nc→∞

=
i

2

( gA

Fπ

)3 qi

d − 1
[[Gjb

,Gia],Gjb ]︸ ︷︷ ︸
1/N2

c

∂

∂p0
I(1)(p0

,Mπ) ∼ O(p3N1/2
c )

Álvaro Calle Cordón (JLab) 1/Nc - ChPT: one-Baryon sector Newport News, August 7, 2012 15 / 22



Axial current (CT structure)
Finite + UV pieces:

δA(1) = δAFinite
(1) + δAUV

(1)

Counter-terms structure

M0
π M2

π

Gia g3
AC2

HF
32π2F2

π

2(2−Nc (Nc +4))

3N2
c

gA(2+g2
A)

32π2F2
π

∼ O(p0/Nc) ∼ O(ξ) ∼ O(p2/Nc) ∼ O(ξ3){
Gia, Ŝ2

}
g3

AC2
HF

8π2F2
πN2

c

1
3

{
Gia, Ŝ2

}
∼ O(p0/N2

c ) ∼ O(ξ2)[
Ŝ2,
[
Ŝ2,Gia

]]
− g3

AC2
HF

32π2F2
πN2

c

7
3

[
Ŝ2,
[
Ŝ2,Gia

]]
∼ O(p0/N2

c ) ∼ O(ξ2)

δgCT
A =

CA
0

Nc
+ CA

1 M2
π +

CA
2

Nc
(~S2 + ~S′2) +

CA
3

N3
c

(~S2 − ~S′2)2

Axial charge

gA(S) = g0
A + δgFinite

A (S) + δgCT
A (S)
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Chiral extrapolations (results to O(ξ4))
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Summary

Chiral Symmetry and Large Nc are fundamental features of QCD

Although chiral and large Nc limits do not commute, one can developed
a combined power counting implementing them simultaneously.

In the large Nc limit, the N and ∆ are degenerated. A consistent way of
formulating ∆− χEFT is by imposing large Nc constraints in the chiral
lagrangians.

We have analyzed baryon masses in 1/Nc-ChPT for Nf = 2, and applied
our results to perform chiral extrapolations of lattice data.

We fit the Nucleon, Delta and the axial charge simultaneously.

A strong cancellation between diagrams occurs in the case of the axial
charge giving rise to a mild dependence with the quark mass.

A systematic analysis of finite size and volume effects is worth to
consider.
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MORE STUFF
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Finite volume effect in gA
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Needs checking and some more work !!!
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Chiral extrapolations (fits)

g0
A m0 [MeV] CHF [MeV] c1 [GeV−1] µ2 [MeV−1] z1 [MeV−2] CA

1 [GeV−2] MN [MeV] M∆ [MeV] gA χ2/DOF
LHPC10 0.94 (2) 293 (4) 537 (8) 0.47 (15) 50.7 (5) 0.068978 (2) -0.8 (2) ∼ 981 ∼ 1274 ∼ 1.0 3

UKQCD09 0.85 (5) 293 (4) 689 (5) 0.47 (17) 24.9 (3) 0.20966 (1) -0.5 (3) ∼ 981 ∼ 1273 ∼ 1.0 3.5
ETM11 0.96 (3) 293 (4) 529 (8) 0.47 (17) 48.3 (4) 0.68024 (16) -1.0 (3) ∼ 981 ∼ 1274 ∼ 1.0 3
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Chiral Perturbation Theory & 1/Nc Expansion
πN scattering [ACC & Goity (in progress)]

πN Feynman diagrams up to one-loop. Crossed diagrams are not shown.

O(p) O(p2) O(p3)

O(N2
c )

O(Nc)

O(N0
c )

O(1/Nc)
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