Baryon-baryon interactions from lattice QCD
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Background

€ Realistic nuclear force
Large number of NN scattering data is used to consturuct realistic nuclear force

NN scattering data Realistic nuclear potential
(~4000 data) (18 fit parameter = x 2/dof ~1[AV18])
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€ Once itis constructed, it can be conveniently used to study
O nuclear structure and nuclear reaction

0 equation of state of nuclear matter
=» supernova explosion, strucuture of neutron star



Lattice Determination of Nuclear Force 3

€ Experimental Determination

scattering phase realistic potential
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€ Lattice Determination (straightforward method)
O Luescher’s method is used to generate scattering phase, which is used to determine nuclear force.

scattering phase realistic potential
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O = Resulting potential is faithful to the scattering phase.



Lattice Determination of Nuclear Force

€ Experimental Determination

scattering phase realistic potential
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€ Lattice Determination (HAL QCD method)

O Lattice QCD is used to generate NBS wave functions, which are used to determine nuclear force.

NN scattering exp.
d [deq]

NBS wave func. nuclear potential
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O = Resulting potential is faithful to the scattering phase.



HAL QCD method




HAL QCD method

€ Nambu-Bethe-Salpeter (NBS) wave function
(O|T [NCON()] N(K)N(=k),in)

O N(x) and N(y) are used to probe nucleons in | N(k)N(-k),in>
[0 Relation to the S-matrix (by reduction formula)

(N(p)N(p,).out \N(K)N(=k).in)

= disc.+(iz" )2 j d*xdx,e" (O, +my e (|:|2+mfv)<o|T [N(x)N(x,)] N(E)N(—/}’),m>

O Its equal-time restrictions shows the asymptotic form near spatial infinity as
v (G-y)= lim Z}/ <0\T [N(,x, )Ny, =0)] N(/E’)N(—ié),in>

~sin(kr +6(k o C.-J.D.Lin et al., NPB619,467(2001).
= ¢ ( . ( ))+--- as r=lx—yl- large
r

+»» Exactly the same form as scattering wave functions in guantum mechanics

€ Energy-independent potential is defined by Schrodinger equation
(K I my— Hy Wy ()= [drUG W () for Ey =2ym +k" <2my+m,

O Resulting potential U(r,r’) can reproduce scattering phase.
(because of the asymptotic form of NBS wave function)



Existence of energy-independent interaction kernel

€ We assume linear independence of NBS wave functions below the pion threshold

=» There exists a dual basis F=2 /mlzv L R2 < 2m, +m,
Jdry oy ()= 2n)' 8 (K - k)
€ We have
K (F)=(k*/ m, - H, )y (7)
- Kk . s, L .
=) o K™ [&rv o (Fyw, ()
- d’k ~
_ 3.7 = =/ =/
= [dr { Joamy Ko )}w,;(r)
If we define an energy-independent interaction kernel by
— =\ d’k’ a T o Owing to the integration of k/,
Ur,r)= J(2ﬂ)3K1€,(r)l//,;,(r) U(r,r’) is energy-independent

then it generates NBS wave functions below the pion threshold

(kz/mN_Ho)WE(F): Jd3r,U(F>’7’)‘/f/€(’7) for Ezzx/mh/}'z <2m,+m,



“Time-dependent” method (an efficient way to obtain HAL QCD potentials)

€ NBS wave functions are obtained from 4 point nucleon correlator.
Here, single-state saturation is important.

Co(F—F,1)= <O‘T [NG.ONG.)NN@=0)] 0>

=Y v, (3—V)a,exp(-E,t)

€ At large spatial volume,
requirement of single-state saturation becomes difficult.
Because typical energy-gap becomes narrower as O(1/L2).

AE = E,—FE ~
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If L becomes twice as large,
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spectral density becomes 4 times as dense.

€ Recently, we arrived at a method,
by which we do not have to rely on the single-state saturation.
“Time-dependent” method.

Spatial BOX

Spatial momentum is discretized
due to the finiteness of the Box.

1. periodic BC

2. anti-periodic BC

NN N
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o (2n; + )m
pi = L




“Time-dependent” method (an efficient way to obtain HAL QCD potentials) 9
[N.Ishii et al.,PLB712(2012)437.]

€ Normalized NN correlator (R-correlator)

R(t.Z) =" (OITING.ONG.L)- T =0)10) AWK =2ymy +k* =2m,

:ZaE exp(—tAW(E))wE(f) Inelastic region
k

I Elastic region

€ “Time-dependent” Schrodinger-like equation (derivation)

p) i . . ~ ] o -2
- LR = Y adWOexp(- AW By, () AW (= A AV
ot 3  aweee T m 4m
- - £ N N
k> AW (k) - .
=Na|—- —IAW (k) )y,
;a" m,  4m, eXp( _______ ( ﬂ_)_)_l/—/fg-) ~~~~~ HAL QCD potential U satisfies

L TN SIS AR,
:;ak. H0+U_4mN¥ exp(—tAW(k))l//lg(x) ( 0T )W];(X)—m_Nw];(x)

“Time-dependent” Schrodinger-like equation

It enables us to obtain the potential

1 9° 0 . R N
[4 F__—Ho)R(fax): JdSX U(X,X)R(t,X") | without requiring the ground state
my ot~ Ot _
saturation.




Ground state saturation is not needed. (an example) 10

€ Source functions (with a single real parameter alpha)
f(x,y,z)=1+a(cos(2zx/ L) +cos(27wy / L) +cos(27wz/ L))

@ alphais used to arrange the mixture of NBS wave functions

Central potential
at the leading order

Con (X = 1,0 oL .
M . of derivative expansion
=(0|T[N(X,t)N(y,t)- NN(t=0;0)]|0) V(%)
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“Time-dependent” Schrodinger-like eq. leads to an alpha-independent result.



2+1 flavor QCD results of nuclear forces




2+1 flavor QCD results of nuclear forces PACS-CS 12

lattice QCD setu R T—
¢ Q P ~ JE’.:%SL;-\N
O 2+1 flavor gauge configuration generated by PACS-CS Coll. 3 ‘ |

+* 323x64 lattice

+* Iwasaki gauge action at beta=1.9

> 2=0.09 fm (L = 32a = 2.9 fm) ak %
+*»* Nonperturbatively O(a) improved Wilson (clover) action N

with Cgy, = 1.715 super computer T2K

- m =700 MeV P SHE =
= 570 MeV — — . = > =
- 411 MeV

pion

- m

pion

- m

pion

O 4-point nucleon correlator
for NBS wave functions and potentials

° <%
% wall source 132 lattice points
L~ 291 fm

a~0.091 fm

]

L.
==

** number of source points

= 700 MeV - 31 source points
=570 MeV - 32 source points
=411 MeV - 25 source points

- mpion

- mpion

- m

pion

. . ) . . . Japan Lattice Oata Grid
O NN potentials are obtained at the leading order of derivative expansion:

UG,X)=V(EV)SGE-T)
V(EV)=V.(X)+Vo(E)S, +O(Y)



2+1 flavor QCD results of nuclear forces by “time-dependent” method 13

€ Phenomenological properties of nuclear forces are reproduced
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2+1 flavor config by PACS-CS Coll.
m(pion) = 570 MeV, m(N)=1412MeV

3‘2 lattice points .
L~291 fm



2+1 flavor QCD results of nuclear forces by “time-dependent” method 14

€ quark mass dependence

Quark mass dependence Quark mass dependence
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With decreasing m(pion),

+* Repulsive core grows
¢ Attractive pocket grows
** Tensor force is enhanced
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Fit 15
‘ AV18-like fit function (general form) We do not use the constraints at the

V(@) =vi(r)+ vi(r) origin which are imposed on the fit
parameters in the original AV18.

Vi) = £ (3, -fz)%(Y(r; c)-(0,-6,)+T(r; c)-Slz)

V§T (F) =V, (F)+ Ve (P)Sy, + -+ Values of m_are fixed
l. l. ) l_ I. . and are taken from
Vi (1) = L - T2 (rs ©)+( Py + (m,r)Qs + (1) Ry )W (5 1, ,) PACS-CS Coll.,PRD79,034503(‘09)
Y(r;c)= e (1 —exp(—cr’ )) [ Yukawa function]
m_r

T

T(r;c)=|1+ 3 + > ; ¢ (l—exp(—crz))2 [ Tensor function]
mr (m.r)" | m.r

W(r;r,a)= [1 + exp( Al H_ [ Woods-Saxon function |
a
€ = Simultaneous fit of two V(r) and one V(r) with 16 adjustable parameters
O Central potential (1S0)
Ve(r; ') =—f"mY (r; )+ Iy - T*(r; ) +( Py + Ofy - (myr)+ RSy - (m,r)’ )W (75 1)
O Central potential (351-3D1)
V(r; °S,=°D)=—f’m Y (r; o)+ 1, - T*(r; )+ (POCl +0;,-(m )+ R, -(mnr)z)W(r; 1y ,a)

O Tensor potential (35S1-3D1)
Vo(rs 38, =°D) == f’m,T(r; )+ [ - T (r; ) +( By, + Oy - (mr) + Ry, - (mr) )W (r; 1y 1)



Fit

€ We attempt to take into account boundary effect

A

Y

)

Receiving contributions from periodic images,

the original potential is modified as

V(r)

—)

V(FE)= ) V(F +Lii)

ez’

16



Fitting region for the tensor potential

€ Our tensor potential has a cusp around r =0.12 fm,
where a fit with a smooth function becomes difficult.
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Fit (Results)

Vg(180): my,0,=570 MeV

m(pion)=570 MeV

V(i)=Y V(F +Lii)

ez’

Vg(351-3D1): My =570 MeV

18
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Fit(comment on the quark mass and the spatial volume)

V(F)= Y, V(F +Lii)

Vg(180): My, =570 MeV
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Scattering phase (!S,)

3(1S0)

1o L - : :
0 50 100 150

% Qualitatively reasonable behavior. :sgg

But the strength is significantly weak. 3500

= 3000 *

< Attraction shrinks gradually as m,, decreases Z Zﬁgg

in this quark mass region m_;,. = 411-700 MeV. - i
Reason: 5

The repulsive core grows more rapidly than 500

the attraction grows. 0

-500 G

s It is important to go to smaller quark mass region.

20
experiment

70

60 F
50 |
40 }
30 f
20 F

d [deg]

10 |
0 k=

10 b

-20

0 100 200 300
ELan [MeV]

Quark mass dependence

1500 f
1000 fi

S m, =411 MeV
60 ¢ my =570 MeV —— |
40 1 ' m, =700 MeV




Phase shifts and mixing parameter (3S,-3D, ) 21
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Extension to LS-force and potentials in odd parity sectors




Extension to LS-force and potentials in odd parity sectors [K.Murano@Lattice 2012] 23

€ Nuclear Forces up to NLO of derivative expansion
UDFE,i)=VEFEVSGFE-F) for I=0, 1

VOFE V)=V @)+ V1) (6, -6,)+V)-S, + VD) -L-S+0(V?)

VC(I")EV()(I")-FVG(I")'(&l 62)

V,(r)—=3V_(r) for S=0
V,(r)+V_(r) for S=1

5=1,P=+ (1=0)

Va(r) Ve (r),Vi(r),V, (1) V. (r) Vo (r),Vi(r),V (1)

We have obtained. We have not yet obtained.
(accessible with wall source) (inaccessible with wall source)



Extension to LS-force and potentials in odd parity sectors [K.Murano@Lattice 2012] 24

€ Importance of LS-force

O magic number of nuclei
LS force of two-nucleon interaction = LS interaction in average single-particle potential of nuclei
- magic number of nuclear shell model

O P-wave phase shifts (3P, 3P, 3P,) analysis

SCP)>8CP)>5CP) — SCP)>6CP)>6CP)
20 (low energy) (high energy)

10° explained by explained by

o positive tensor force negative LS force

V(i B)=V.(r)—4V.(r)— 2V, (r)
Er(MeV) V(s B)=Ve(r)+2Vo(r)—Vi5(r)
e B As et V(i P) = V.(r)— 0.4V, (r)+ 2V, (r)

T T T 1T T
1 2 4 6 8 10 12
p (10"g cm™3)

O 3P, super fluid in the neutron star

A NEUTRON E‘iIAR S}JR:lACFa||d INT[RIORV B 3 P2 n e utro n S u pe r ﬂ u id ity

® et
CORE: |

LS force in 3P, sector provides as a strong attraction
> 4

two neutron 3P, state forms Cooper pair




Extension to LS-force and potentials in odd parity sectors [K.Murano@Lattice 2012]

€ two-nucleon source with a non-trivial orbital cubic group rep.

_ _ _ p ~ 500MeV
Tag(B)= D, Py %3 )Ny (B35, 5) - explip - (3, = 5,))
P, (x,,x,,x;)=¢€,, (ui (x)Cv.d, (xz))uc;a (x3)
Ng(x,,%5,X5) = €, (uz (x,)Cy<d, (x, ))a’c;ﬁ (x¢) -
(Non-vanishing momentum p is carried by “spectator quark”)
T L~25m

€ cubic group analysis
=» “orbital contribution” of source

A’ (~s-wave) ® E” (~ d-wave) ® T, (~ p-wave)
=>» NBS wave functions with J =0, 1, 2 can be generated

=>» Nuclear potentials up to NLO can be obtained for both parity sectors.

Viy = V() +Vo(r)S,, +V,(r)L-S +O(V?)



Extension to LS-force and potentials in odd parity sectors [K.Murano@Lattice 2012] 26

We use:

@10G _Jpe

Japan Lattice Oata Grid

2 flavor gauge config by CP-PACS Coll.
m(pion) = 1136 MeV, m(N) = 2165 MeV

a~0.16 fm

—

< >

L=16a ~ 2. 49 fm

—_—>

Due to the lattice discretization artifact, in this gauge configuration,
dispersion of single nucleon is deformed from relativistic one as

Ek)=m’ +k*> === Ek()=m’+o -k’

3.8

@=08830)) o is estimated from
36 | a=1 K*+m2~< 1 linear fit of EA2
~
3.4 | T o =0.883(6)
NLLJ 32 1 18 _— a (0.0,0) —a—t
A ; Moo | .ooiieeitp]|] BRI
Energy calculated W o E;]Eg} e
) o | from single proton correlator | . e*’ﬁ ,soo & ‘l"
(Nucleon mass(2165 MeV ) is ' with imposing momentum k. | E[ 7| 07 iesse®di]
: 26 : : : : : o il Dl L
almost twice larger than = 22 e == = i} -
the lattice cut off 1/a (1267 MeV).) Kk MR o 5 ow

0 2 4 & 8 10 12 14 1&@



“Time-dependent” method (if dispersion is deformed) [K.Murano@Lattice 2012] 27

€ Normalized NN correlator (R-correlator) A A S S |

~ EEY =m R
R(t.5)= e OITINGONG.0)-T i (0)]10) |
I

o =0.883(6) :
=Yaexp(—AWHR) )y, ¥  TTTTTTTTToo
k
AW (k)= 2E(k*)-2m,,
4 ”Tgme dependent” Schrodinger-like equation (derivation)
——R(t,%)= Y a AW (k)exp(—tAW (k))w, (¥) B L2 Y2
ot 2 L/E)E ______ )_W_" _____________ AW (k)= o k™ _AW(k)
B AW(EY My 4m,
= - —_ —_ A k ””””””””””””””””””””””””””””””””””””””””
;ak my dm, )exp(_ﬂt;_‘j‘ff,),)}/{’i@ ~~~~~ HAL QCD potential U satisfies

L P . . LK =
y}exp(—tAW(k))l//%(x) (H0+U)w,;(x)=m—N1/f,;(x)

“Time-dependent” Schrodinger-like equation

1l 1 9> 9 _ oy = =
( LmNBT—E} O)R(Z,x): j A’ UE,7)R(t,5)




Extension to LS-force and potentials in odd parity sectors

€ Nuclear forces in S=1, P=- sector (T=1)

MeV

MeV

Vc center force

8655 |- VO (r) S=1 (a=0.883) —— |
20
400 | 5‘:
300 | Ll I 1 e L
200 | o , ix-f‘r |
IR
-10 L .
100 | = 0 1 2
ot ~.‘M¥ [ 0o @
0 '1 2
repulsive core at short distance
VT :tensor force

' VT”S 1 (0:=0.883)

10 | ;
£ 1

IRy

0 1 2
- rfm

posmve and weak

MeV

[K.Murano@Lattice 2012] 23
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2 flavor gauge config by CP-PACS Coll.

m(pion) =

1136 MeV, m(N) = 2165 MeV

a~0.16 fm

<«

>

T L=16a ~ 2. 49 fm

>

“Time-dependent” method is
used with deformed dispersion.

VLS : spin-orbit force

L

oo
..

-100 |
-200 r

-300 r

VO 5 S=1 (0=0.883)

- 2 -ee o o
0 ,.m*""“"“"‘", %

0 1 2
rfm

negative and strong at short distance



Three nucleon force




Importance of Three Nucleon Potential

» Few body calculations shows its relevance

> It is pointed out that three nucleon potential may affect the drip line and
the magic number of neutron-rich nuclei.

» Three nucleon potential is expected to play the more important role
in the higher density.

=> It has a large influence in the supernova and structure of neutron star.

» Only a limited number of experimental information is available.
=» Phenomenological construction of three nucleon potential is difficult.

2.5 1 1 x v [ '

5 L 3N . J1614-2230

15 L \ PSR1913+16

8 10 12 14
R (km)



Lattice QCD Calculation of three nucleon force (31)

> In principle, it is possible to do a full calculation. But it requires

(i) huge memory and (ii) huge calculational resource.
=>» Full calculation does not seem to be possible for the moment.

» Partial calculation is possible even at this stage.

(i) Restricted spatial region and (ii) restricted three nucleon alignment
[New algorithm(unified contraction) achieves x200 speed up ! Doi-Endres, arXiv:1205.0585]

linear setup
o\fo\
T
2
r, @
@G _IPe

2 flavor gauge config by CP-PACS Coll.
m(pion) = 1136 MeV, m(N) = 2165 MeV

-«

a~0.16 fm

e
Y

L=16a ~ 2. 49 fm
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Eﬂ &ﬂqq
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-100

(t-ty)/a=7.5 1
{t-tn]f@:ﬂ.u | e ey | 1
(t-t,)/a=8.5 r—o—

s,..,ﬂ-rangfﬂfl q

repulswe 3NF!

Iy [fm]
Repulsive at short distance

[T.Doi et al., PTP127(2012)723.]



Hyperon interaction




Hyperon potentials J-PARC
€ Important for Exploration of multi-strangeness world

O structure of hyper nuclei

hyperon
Hyper Nuclei =stranged baryon
known unknown

Transmutation Experimental Facility

O equation of state of hyperon matter
- hyperon matter generation in neutron star core.

10 ,
GM1
107" =
U =+30 MeV
10—2 z

[N
{ O\ U.=-18MeV

Baryon fraction

107

o ——— -—

0.3 0.6 0.9 3 1.2 1.5
Density (fm ™)

J.Schaffner-Bielich, NPA804(’08)309.

o

€ Limited number of experimental information
(Direct experiment is difficult due to their short life time)



N-Xi potentlal (I 1) by quenched QCD
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Repulsive core grows with decreasing quark mass.
No significant change in the attraction.

Nemura, Ishii, Aoki, Hatsuda,
PLB673(2009)136.

»Repulsive core is surrounded by

attraction like NN case.

» Strong spin dependence
of repulsive core.
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Hyperon potentials for S=-1 (2+1 flavor QCD) [Nemura,PoS(LAT2011)] (35)

Vo — ! Vo —
004 % o ~ 004} % o
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S. ¢ o0o00; \ H @ 000} "
0 < \ =
-0.02 | : - -0.02 | «
-0.04 AN, 'S, t-,=8, 3pt -0.04 | EN(1=3/2), 'S, t-15=8, 3pt |
00 05 10 15 20 25 00 05 10 15 20 25
r(im) " @ILDG _1D&
g Japan Lattice Oata Grid

2+1 flavor config by PACS-CS Coll.

» Repulsive core is surrounded by attraction like NN case. m(pion) = 570 MeV, m(N)=1412MeV

» These two potentials looks similar,
which may be due to small flavor SU(3) breaking.

They are not necessarily equal.

» N-Lambda belongs to 27+8 rep. in flavor SU(3) limit.

» N-Sigma belongs to 27 rep.  in flavor SU(3) limit.

a~0.091 fm

e

-
v

TS‘Z lattice points
L~ 291 fm



Hyperon potential in S=-1 (2+1 flavor QCD) [Nemura,PoS(LAT2011)] 36
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Japan Lattice Oata Grid

2+1 ﬂavor config by PACS-CS Coll.
€ N-Lambda m(pion) = 570 MeV, m(N)=1412MeV

[0 Repulsive core is surrounded by attraction
O The attraction is deeper than 1S0 case
0 Weak tensor force (no one-pion exchange is allowed)

€ N-Sigma
0 Repulsive core at short distance
O No clear attractive well
(Repulsive nature is consistent with the naive quark model) “’l
O Strength of tensor force: N-N > N-Sigma > N-Lambda

~ 0.091 fm

TS‘Z lattice points B
L~ 291 fm



Hyperon potential in flavor SU(3) limit

SR8 = 276—)8 @1@10@10@8

(37)

j

symmetnc

Aim: A systematic study of short range baryon-baryon interactions

» Strong flavor dependence

1) All distance attraction for flavor 1 representation.
2) Strong repulsive core for flavor 84 representation.
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3) Weak repulsive core for flavor 8, representatln

» These short distance behaviors are consistent

with quark Pauli blocking picture.

[T.Inoue et al, PTP124,591(2010)] _
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Bound H-dibaryon in flavor SU(3) limit
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v
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Entirely attractive potential in flavor 1 channel
leads to a bound H-dibaryon
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[T.Inoue et al., NPA881(2012)28] 38

As quark mass decreases,

the potential becomes more attractive.
€D

The binding energy decreases

because of the increase of kinetic energy.

O . ) ! ¢ ’ ¥ T
My = 1171 [MeV] »seee .
- H-dibaryon
‘ Mps = 837 [MeV] »-teeee
20 [ Mys = 469 [MeV) —e—
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Flavor SU(3) is broken in the real world

Su(3)lat M)  Physical point
We have to extend our method

to a coupled channel system  ssomiey
AA-NE-3X mpp
L
Such an extension is possible .@ \
by employing the following triple mu \ Mz = 2260MeV
i o ] @ map = 2230MeV
<O|A(x)A(y)| n,m> >

¥ (i-y)=| (OINFEEF) n,in)

(0| Z(F)Z()| n,in) E=2Jmi+p,

2 . =2 2 . =2
=\/mN+pN5 +\/mz+p1v5

in place of the single-channel NBS wave function
W ,(E-5)=(0|NGENG) N(BN(=p),in) —2ml+ .

Argument parallel to the single-channel NN case leads a coupled-channel Schrodinger eq.
i i [S.Aoki et al., Proc.Japan Acad.B87(2011)509.]

. AAAA +23M NG _ _

o A Ui P17 Upnz(FF) Upp 55 (FF) WA (F'n)

2ZV;+2uN= VaeEn) |= [ UpesGF) UpopeGF) Upena 7). Vi)

Z?ég AH ) I Ussia(FoF) U= (FF) - Ugs s (F,F) | Vs (rin)
(2#22 ’ 2y V(i) (Derivation is parallel, but notation is quite lengthy.)



Flavor SU(3) is broken in the real world

The coupled-channel potentials can be obtained from coupled-channel Schrodinger eq. either

a. by variational method
to provide three different “triple” for three three different energy-eigenstates

(0| A(K)A()|n,in)
Y, (i-y)=| (0|NEE®GF)n,in) | for n=123
(0| Z(F)Z(F)|nin)

b. by “Time-dependent” method
with three different 4 point correlators for three different source operators

<0‘T[A(?c,t)A(§,t)-?(t =0) 0>

CG-3.:7)= <O‘T[N(7c,t)5(§,t) T(t=0) 0> with 7 = AA, NZ, =3

<O‘T[Z(5c’,t)2(§,t) T(t=0) 0>




Flavor SU(3) is broken in the real world

The numerical calculation is quite tough.

But it is doable. (work in progress)

V [MeV]

1000

diagonal part

41

[K.Sasaki@Lattice2012]

off-diagonal part
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“LI"DG J 2+1 flavor gauge config
by CP-PACS/JLQCD Coll.
= m(pion)= 875 MeV
~ m(K) = 916 MeV
— m(N) = 1806 MeV
? l m(Lambda) = 1835 MeV
S m(Sigma) = 1841 MeV
T m(Xi) = 1867 MeV

B~ A

16a=19fm



Summary/Conclusion 42

€ We have given a brief review of HAL QCD method for nuclear force

€ HAL QCD method can efficiently be used with the “Time-dependent” method.
With “Time-dependent” method, we do not have to worry about ground-state saturation.

€ HAL QCD method is applied to nuclear forces
O Central and tensor force in even parity sector
O LS-force and nuclear forces in odd parity sector
O Three nucleon force (adopting linear setup)

@ It can be also applied to Hyperon interactions

O N-Xi(I=1), N-Lambda, N-Sigma(1=3/2)

O Flavor SU(3) limit and existence of bound H-dibaryon

O Extension to the coupled channel system for flavor SU(3) breaking.
€ By using K computer,

we plan to perform realistic calculations employing
O large spatial volume (L =9 fm)
O physical pion mass

K computer (the 2" strongest in the world)




Backup slides




Asymptotic form of NBS wave function




Asymptotic form of equal-time NBS wave function

<O|N(5c’)N(O)| N(+p)N(-p),in)

U
U

J’(2 )’ 2k,

(OINE| N (&)} N(K)|N(O) N(+P)N(=p).in)+

45

[C.-).D.Lin et al., NPB619,467(2001)]

the reduction formula

(N(|NO)N(p,)N(p,),in)

=disc.+i]d*x, " (O+m ) (0T [N(x )N ()] N(p,)N(p,).in)
—k,);N(p)N(p,))

m’ _(p1 + P,

— k) —ic

# A’k T(NGHON (k) N(+PN(=p))
(2m)"2E(k)  4E(p)(E(K)~ E(p)~ic)

The integral is dominated by the on-shell contribution E(]_é) ~ E(p’)
=» T-matrix becomes the on-shell T-matrix.

ipr

:eiﬁ.x+i(e2i5(p)_1)e 4.

2i pr

_ ) sin(pr+5(p))+

pr



Extention to coupled channel




Coupled channel potential for hyperon interaction

It is desirable to provide hyperon potential in a coupled channel form.

€ Two hyperon system, the elastic region is narrow.
Distances between the neighboring threshold are short.

@ To see the flavor SU(3) breaking,
coupled channel formulation is convenient.
Different irreducible rep.’s begin to mix with each other.

A standard extension to Luscher’s method above inelastic
threshold can put a single constraint on the scattering
observable, i.e., phase shifts, mixing parameters.

S.He, X.Feng, C.Liu, JHEP07,011(2005).

If we use the technique of the energy-independent potential

based on the asymptotic form of BS waves, we can go further.

my+tma+my, -2195 MeV

my+my 2130 MeV

my+ma - 2055 MeV




NA-NZ coupled system as an example (48)
To be specific, we consider NA-NZ coupled system (1=1/2)

my ~ 940 MeV (1=1/2)

m,~ 1115 MeV (I=0) 1

m,~ 1190 MeV (I=1) et 12195 MoV

my <m, <my

mytmy 12130 MeV

To simplify, we treat them as bosons.

my+mp :2055 MeV

We first consider it in infinite volume.
We then proceed to finite volume.



Bethe-Salpeter (BS) wave functions [infinite volume] “9)

€ (equal-time) BS wave functions for | NA,in> and |NZ,in> incomming states

Yoauana (5 P)=Z7Z 0| N(F)AO) | N(P)A(=p),in)
Wy (559) =27 Z (0] N(X)Z(0) | N(P)A(=p),in)

Woyane (559 =27 Z (0| N(¥)A0) | N(§)Z(=§), in)
Wy (59)= 2, Z (0| N(X)Z(0) | N(§) (=G ) in)

N(x), \(x), 2 (x): local composite interpolating fields for N, A, 2
N(x)—> Z\°N, (x) as x, — +oo

A@) = Z)° A, (x)
S(x) = 215, (%)



Bethe-Salpeter (BS) wave functions [infinite volume]

€ The long distance behaviors are derived similarly as single channel case:

C.—J.D.Lin et al., NPB619, 467 (2001).
CP-PACS Coll., PRD71, 094504 (2005).
S.Aoki et al., PTP123, 89 (2010).

For instance,

0 NA-NA BS wave function

This is related to T—matrix

. - o through reduction formula
(O|N(x )A(O) | N(P)A(=p),in)

= [ Gy 2 NN (V) |AO) NI in) + 3

=7z orr s [ 2K ! L TINUOAR):N(DAP) e
t @n)2E,(8) " E,(F)~ E,(F)+ E,(P)+ E,(P) . Ey(k)+ E, ()~ E, ()~ E, (p) e,
2712 ipE ll/z(s,mN,mA) e””

B S TNA’NA(S) pr] the Kallen function

AMx,y,2)=x"+y* +2° =2xy—2yz—2zx




Helmholtz equation at long distance [infinite volume] 1)

€ BS wave functions at long distance

2, =2 2, =2
A (e m? m?) o E=\/mN+p +\/mA+p
. —~ LD TTUN2TTA
WNA,NA(X’E)_ep T g TNA,NA(S) , tee _\/ 2 | =2 \/ 2, =2
) P =\my+q" +\ms+q
11/2 (S, mZ mZ ) eiqr
X E)= N> - T s
\WNZ,NA( ) g NZ,NA( ) qr
2’1/2 (S, m2 m2 ) eipr
. - N°"°A
I//NA,NZ(X’E)_ s TNA,NZ(S) pr
<
B 11/2 (S m2 m2) eiqr
-. 7
Yoysas(GE)=e"" 4 ’SN, Tz (8) qr

€ Helmholtz eq. is satisfied by BS wave functions at long distance (|x| >>R).

V42 WomEE= Ky W (BE) xI>>R K pn(5E)~0
(V2+q2)WN2’NA(i;E)EKNZ,NA()_C»;E) NZNA(X E) O
® Propagating degrees of
_ , freedoms are filtered out.
(V' +p )WNA,NZ(X;E) = KNA,NZ(X;E) = K(x,E) is a localized object.

(x;E)~0
(X;E)~0

NA NX

72 2 =. — =. o N isfi ;
(V +q )l//NZ,NZ('x’E) — KNZ,NE(x’E) Helmholtz eq. is satisfied |x|>>R KNZ,NZ



Non-local interaction kernel [infinite volume] (2

€ Factorization:
For |x|] =R, K does not vanish. We wish to factorize K such that

Koy GE) = [&yUy, (G, GE)+ [dyU, s E Wy 0 (5 E)
Ky i E) = [dyU (G 0 B+ [dyU (9 0 (55 E)

Koo (BB = [dyU,, W GEIW B+ [dyU,, (E W 5 (5E)
Ky GE)Y= [dyU, o W GEIW s (E)+ [&yU g (W g s (5 E)

U(x,y) denotes a non-local interaction kernel, which is E-indep.

€ Notation:
These relations are compactly written as

(F:E) K, ,s(5:E)
(F1E) Ky, (5:E)

KNA,NA

KNZ,NA

Upana(X:0) Uy (X)) 4 Vaava(GE) W (X E)
UNZ,NA()_(’:ﬂj;) UNE,Nz(fa)_}) l//NZ,NA(')_C’;E) WNZ,NE(X;E)

=Jd3y




Non-local interaction kernel (2) [infinite volume]

@ If such factorization is possible,

KNA,NA(X;E) KNA,NZ(X;E) _J'd3y UNA,NA(f’j/) UNA,NZ()_C”J_}) WNA,NA(X;E) WNA,NZ()?;E)
(GE) K (X; E) UNZ,NA(X’J?) UNZ,NZ()_C”I/) WNE,NA(X:;E) WNZ,NZ(X;E)

KNZ,NA NXZ,NX

P | AW, W(BE) (AP, (5 E)
(A+G W 5 W (E)  (A+g W s s (K E)
_ Jd3y UNA,NA()_C»%)_}) UNA,NZ(')_C”j}) l//NA,NA()_C:;E‘) l//NA,NZ(')_é;E')
UNz,NA(-;éaj;) UNZ,NE(X’)_}) WNZ,NA(X;E) WNZ,NE(X;E)
& This leads us to
(A+p2)WNA(f;E) _J‘d3x, UNA,NA(X’X,) UNA,NE(X’X,) WNA(X,;E)
(A+q* )W o (X E) U X, %) Uy e (3,X7) V. (X E)

NZ,NA(
for arbitrary linear combination

Good property for lattice QCD.
Y E)=ay,  (GE)+PY,, (X E) | Roughly speaking,

= _ = = BS wave in finite volume
X;E)=«o xX;E)+ X E :
Ve (GE)= Y s 3, (5 E) BY e 2 (B E) corresponds to some linear

combination of these states.




Non-local interaction kernel (3) [infinite volume] (54
@ Proof of the factorization.
O Assume that BS wave functions are linearly independent, .i.e.,
(X;E) (X;E)
(X5 E) (X, E)

l'[/NA,NA l//NA,NZ

l//NZ,NA l//NZ,NZ

E
BS wave functions have a dual basis(“left inverse”) as an intergration op. as

~

Jd3y Viaa(GED Vs (B E Yiana (G E) Wy e (5 E) =(2m)6(E-E")
WNZ,NA(X;E') l//Nz,Nz()_é;E”) WNZ,NA()?;E) l//Nz,Nz(J_é;E)

] Factorization is possible
{ oo BE) K (FE) ]

(E) K. . (%E)

NZ NA NX,NX

=] dE,[ ’““(x o ]Ejaﬁ [ ‘/’NANAU»E ) ¥ }% Von (FiE) ]

*

:J-d3 UNA,NA(X:’)_;) UNA,NZ(X’Jj) WNA’NA(.)_;;E) WNA,NE(J_;;E)
Upsia(5D) Uy s (X3) |l W iaBE) W s (VI E)

¢ Here, we defined the E-independent and non-local interaction kernel U

UNA,NA(%’)_}) * EZJ'dE' NANA(x E) * WNA,NA()_};E') *
* o 2T * ¢ * =

*




An effective Schrodinger equation (coupled channel version) [infinite volume] ©5)

€ Combining the results so far, we arrive at

An effective Schrodinger eq. (coupled channel version)
V+ oW W (FE)= [dyU,, (G, (FE)+ [dyU,,  (E.5)W . (5E)
V2 + @)W (5 E) = [dyU,, G, (FE)+ [dyU, (5.5, (F:E)

2 -2 2 -2 2 -2 2 -2
E:\/mN+pE+\/mA+pE :\/mN+qE +\/mz+qE

€ At each E, this coupled equation generates the following BS wave function
as solutions, which contain T-matrix of QCD in their long distance parts.

X 127 = . L wr  A(s,my,my) o
W oana (G E) = ZlezzAlxz(O | N(X)A0)| N(P)A(=Pp),in) ~ e”" + : N2 TNA,NA(S) p» 4.
| ¥ —1/27-1/2 - - . A2 (S,m2 ,mz) o
Vs (GE)=Z 7 Z (O N(X)Z(0) | N(p)A(=p),in) ~ SN z TNZ,NA(S) p T
— _ _ _ _ . 11/2 (S, mZ ,mZ) eipr
W (B E)=Z2Z (0 | N(R)A0) | N(G)Z(=G),in) ~ s Tt
<
X 127~ = = - — AP(s,m’,m?) i7"
Vs ys (G E) = ZNl/ZZZI/z(O | N(¥)Z(0) | N(§)Z(=G),in) ~e'" + - v My TNZ,NZ(S) " 4.

€ T-matrix of QCD is obtained by solving this coupled effective Schrodinger equation,
once the E-independent and non-local interaction kernel U has been constructed.



Construction of the interaction kernel U in the finite volume [finite volume]

€ Choose a sufficiently large L (>> R/2) so as not to modify the internal region.

€ Derivative expansion (an approximate construction of the E-independent
and non-local interaction kernel.) For simplicity, keep only the local contribution.

Uy B9 =4V yr (B 418 (X = 7), ete.

€ BS wave functions for two energy eigenstate E=E, and E,. (variational method)

lowest-lying state 1st excited state
W (B E)=Z2Z (0 N(R)A0) | E,) W (GE)=Z,"Z (0 N(Z)AO0)| E,)
W (5 Ey) = 2P Z (0 N(¥)Z(0) | E,) Vs (5 E)=Z 7270 N(R)Z(0)| E,)

€ These BS wave functions should satisfy the coupled effective Schrodinger eq.
(V2 + piz)l//NA()_é;Ei) = VNA,NA(X)WNA(X;Ei) + VNA,NZ(X)WNZ(X;Ei) (i=0,1)
(Vz + qiz)l//NZ()—é;Ei) = VNZ,NA(X)WNA(X;Ei) + VNZ,NZ(X)WNZ(X;Ei)

\

E. :\/mif+ﬁf +\/mi+ﬁf :\/m;w]f +\/m§+cjf
€ Solve this coupled equations (i=0,1) back for the interaction kernels
by inserting the BS wave functions. (4 unknown from 4 equations)

€ |t is important to examine the convergence of derivative expansion.



APBC v.s. PBC




APBC v.s. PBC

Spatial Box Spatial momentum is discretized

due to the finiteness of the Box.

1. periodic BC

o~ —
! N~ — !
2n;m

L

bi =

2. anti-periodic BC

[K.Murano et al., PTP125(2011)1225]
® ground state of Periodic BC (PBC)
E., =0
® ground state of anti-Periodic BC (APBC)

E.\ = 45MeV

N \ N\,
NS N !
‘_(2n¢+1)7r
b = I
45[MeV] — ]
600 O[MeV] ——
50 ‘ : —
3 400
s 407
g
2 200 }
>
0

€ potentials obtained by
“Time-independent” Schrodinger eq.

Result should be updated by

28

“Time-dependent” Schrodinger-like eq.



