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Dynamical Response of Quantum many—body systems using
Integral Transform techniques J

Integral Transforms
Dynamical Response Function
Monte Carlo and Laplace transform

A new transform

Applications and perspectives
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Integral Transform Techniques

An Integral Transform maps the original problem in a new domain where
it's simpler to solve it

T() = /X K(x.y) S(x) dx

@ Accessible object j

@ Object of interest
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Integral Transform Techniques

An Integral Transform maps the original problem in a new domain where
it's simpler to solve it

T() = /X K(x.y) S(x) dx

@ Accessible object j

@ Object of interest

The solution is then mapped back using the inverse transform.

PROBLEM
The inverse transform is a so—called Ill-Posed Problem!
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Our object of interest: Dynamics of Quantum systems

R(w) =Y _|(¥,|0|Wo)|* (w — (E, — Eo))

— (Wo|0'6 (w— (A~ o)) Olwo)

Or considering an IT [Efros,Leidemann,Orlandini,Phys.Lett.B 338,130]:
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Our object of interest: Dynamics of Quantum systems

R(w) =Y _|(¥,|0|Wo)|* (w — (E, — Eo))

= (V0] 0'3 (w — (A - Ev) ) Olwo)
Or considering an IT [Efros,Leidemann,Orlandini,Phys.Lett.B 338,130]:

(o) = / K (0, w) R (w)duw
A good kernel K should be one such that:

@ the transform ®(o) is easy to calculate (in QMC)

@ the inversion of the transform can be made stable
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Integral kernels - Laplace

In QMC methods we routinely use the imaginary-time propagator

e o) =3 e TE (W, |0)|W,) T e TE (Wolg) | Wo)
n=0
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Integral kernels - Laplace

In QMC methods we routinely use the imaginary-time propagator

e o) =3 e TE (W, |0)|W,) T e TE (Wolg) | Wo)
n=0

In this framework it is natural to consider the Laplace kernel:
K(o,w) =¢e 7
The transform becomes an imaginary-time correlation function:

®(0) = (Wo|Ofe HOWg) = (| O1(0) (o) Wo).
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Integral kernels - Laplace

L(o) = / K(0,w)R(w)dw = /0 T e R(w)duw
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Integral kernels - Laplace

L(o) = / K(0,0)R(w)dw = /0 T e R(w)duw
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Integral kernels - Laplace

L(o) = / K(0,w)R(w)dw = /0 T e R(w)duw
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Integral kernels - Laplace

L(o) = / K(0,w)R(w)dw = /0 T e R(w)duw
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Integral kernels - Laplace

L(o) = / K(0,w)R(w)dw = /0 T e R(w)duw
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Integral kernels - Laplace

L(o) = / K(0,w)R(w)dw = /0 " e R(w)duw
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Integral kernels - Gaussian

(o—w)?

6(0:5) = [ K(oww BRI = [~ T Ry

@ We have now one more parameter: f[.
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Integral kernels - Gaussian

(o—w)?

6(0:5) = [ K(oww BRI = [~ T Ry

@ We have now one more parameter: 3.
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The transform G(o) is a smoothened version of the original signal! J
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Integral kernels - Gaussian
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Integral kernels - Gaussian

(o—w)?

6(0:5) = [ K(oww BRI = [~ T Ry

@ We have now one more parameter: 3.
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Integral kernels - Gaussian

G0, 8) = / K(0,w, B)R(w)dw = /O ¥ e Rw)duw

@ We have now one more narameter: 3.

@ we can't use Gaussian (or Lorentzian) in QMC
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The transform G(o) is a smoothened version of the original signal! J
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Integral kernels - Gaussian

G0, 8) = / K(0,w, B)R(w)dw = /O ¥ e Rw)duw

@ We have now one more narameter: 3.

@ we can't use Gaussian (or Lorentzian) in QMC

@ but we have found a viable kernel

The transform G(o) is a smoothened version of the original signal! J
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Integral Kernels - Laplace-like

We now want to build an integral kernel which can be calculated in QMC
methods and that has the desired "bell-shaped" form.

K N = Le-m@2 _ g2m@e\V_ 1 (N K .~ In(2)(N-+k)
(.0, W) = L (7@ _ 202 —U;(k)(—) e :
As N — oo the kernel width becomes smaller and smaller
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Recap of the idea

o take Laplace transform:

L(7) :/KL(w,T)R(w)dw

@ build the new transform:
N

o0 W)= (%)

Jj

_ / Kiew (w, 0, N)R(w) dew

@ invert the final transform:

/ KL (w,0,N)d(o, N)do

K1 T)dT
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Density response of superfluid He*

[A. R., F. Pederiva and G. Orlandini, PRB 88,094302 (2013)]
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Density response of superfluid He*

[A. R., F. Pederiva and G. Orlandini, PRB 88,094302 (2013)]
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Conclusions

@ may control stability of the inversion by tuning kernel function

@ we need just imaginary-time correlation functions

Con

@ for high accuracy, extremely long imaginary-time intervals have to be
considered (computationally heavy)

@ the inversion procedure can still introduce uncontrollable errors
— try with different Kernels ( e.g. Gaussian [see next part] )
— check different inversion schemes (e.g. GIFT [E.Vitali et al.])
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Future perspectives

Inversion of the IT remains an lll-Posed problem, can we avoid it?
ground—state MC: e_T’:’|d>o) T2 co|Wo)

~ 2
excited—state MC: e~ "(H—Ek) |bg) 25(5 — Ek)ci| Vi) oc|Wi)

K(Ex, A, N)|®0) 2% ST 6(E; — E)E ;) o i)

1

Expand gaussian for 7 — 0:
. N 2
e T(A-B) n1_ 7 (H ~ Ek)

Booth & Chan, J.C.P. 137,191102 (2012)
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Monte Carlo simulations for x-EFT interactions J

@ Chiral-EFT interactions
@ Dealing with non—localities with QMC
@ Applications to neutron matter
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Chiral Effective Field Theory (x-EFT) interactions

@ pions interact weakly at small energies (Goldstone bosons)
low-scales @, my high-scales m,,A\, = ma — my
@ expand the interaction in powers of Q/A,, mx /A,

2N Force 3N Force

ame X|-

@ short range contact—interaction + pions

@ many-body forces treated in a

NLO X’:ﬁ}H::j] systematic way
O

o HH

O

R. Machleidt, D. R. Entem,
Phys.Rept 503,1 (2011)
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Chiral Effective Field Theory (x-EFT) interactions

@ pions interact weakly at small energies (Goldstone bosons)
low-scales @, my high-scales m,,A\, = ma — my
@ expand the interaction in powers of Q/A,, mx /A,

2N Force 3N Force

LO
(Q/AY)° >< @ many-body forces treated in a

Lo >< ’::;H:::] systematic way
(Q/A,) [Hlll @ non-local in coordinate-space (>NLO)

NNLO * ’H V(x,y) # V(x)d(x — y)

(Q/A)° *l |>< \+/

@ | ocality is needed for conventional QMC
R. Machleidt, D. R. Entem, Gezerlis et al., PRL 111, 032501 (2013)
Phys.Rept 503,1 (2011)
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@ short range contact—interaction + pions
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Monte Carlo methods

Use a projection operator to filter the ground—state

PIANVA) = [Wass) | lim PIA)"|®T) = [0)

eg. P[H]=1—A7rH or P,[H] = e ATH

the projection is performed stochastically.
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Monte Carlo methods

Use a projection operator to filter the ground—state

PIANVA) = [Wass) | lim PIA)"|®T) = [0)

eg. P[H]=1—A7rH or P,[H] = e ATH
the projection is performed stochastically.

The Standard Way

@ work in coordinate—space

@ for local interactions the projector factors in

<Y‘efATI:I‘X> :<Y|efAT'IA"X>efATV(X) + O(AT2)

~Go(Y, X)B(X)

v
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Monte Carlo methods

Use a projection operator to filter the ground—state

PIANIVA) = [Waps) | lim PIA)"®T) = [0)

eg. P[H]=1—-A7rH or P[H] = e ATH
the projection is performed stochastically.

The Standard Way

@ work in coordinate—space

@ for local interactions the projector factors in

<Y‘e_ATFI|X> :<Y|e—AT7A'|X>e—ATV(X) + O(AT2)

~ Go(Y.X) B(X)

v
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Monte Carlo methods

Use a projection operator to filter the ground—state

A . 1n
PIHIW,) = [Wpi1) | lim P[H]"|®7) = [0)
20 ]
5 1 . 1
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Monte Carlo methods

Use a projection operator to filter the ground—state

PIANIVY) = Wai1) | lim PIA)"®7) = [0)

eg. P[H]=1—A7rH or P[H] = e~ATH
the projection is performed stochastically.

The Standard Way

@ work in coordinate—space

@ for non—local interactions the projector doesn't factor
(Y]e=27H|x) :/dz<y|e—ATf|z><Z|e—AT‘7|x> +0(AT?)

~~ /dZGo(Y, 2)Gy(Z,X)

v
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Finite basis version

Q Q

" aa 1 Afafa a

H = E eaalaa + 5 E V,-jk,a;ra}raka/ + ...
a ijki

@ Direct Diagonalization possible only for small systems

@ A general Vjjy leads to non—local interactions
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Finite basis version

Q Q

" aa 1 Afafa a

H = E eaalaa + 5 E V,-jk,a:.ra}raka/ + ...
a ijki

@ Direct Diagonalization possible only for small systems

@ A general Vjjy leads to non—local interactions

The Finite Basis Way

e work in occupation number basis: |n) =|...01100010...)

@ for any interaction the projector can be written as

mAn = Lﬁ)lm mAn = pim,n)wn
(P (me%)(y 7 >) p(m.n)w(n)

m
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Finite basis version

Q Q

" aa 1 Afafa a

H = E eaalaa + 5 E V,-jk,a:.ra}raka/ + ...
a ijki

@ Direct Diagonalization possible only for small systems

@ A general Vjjy leads to non—local interactions

The Finite Basis Way

e work in occupation number basis: |n) =|...01100010...)

@ for any interaction the projector can be written as

mAn = M mAn = m,n win
(m|Pln) <Zm<m\ﬁrn>><2< 7 >> p(m.n) w(n)

m
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Finite basis version

Q 1 Q
A= caldat 5 Vil 4], +
a ijkl

@ Direct Diagonalization possible only for small systems

@ A general Vjjy leads to non—local interactions

The Finite Basis Way

e work in occupation number basis: |n) =|...01100010...)

e for any interaction the projector can be written as

sy — [ (mIPIn) o) — )
(m|Pln) = (me ,5|n>)<2<m|P|n>> = pm.n) w(n)

m

@ We can use Coupled—Cluster theory to circumvent the sign—problem
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Single—particle basis for bulk systems

T-space k-space
-
a - o knn=F
or
- L by = 5 ——

o single—particle space S = { plane waves | k? <= k,%,ax} ®{S,1}
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Single—particle basis for bulk systems

T-space k‘—SpaCe

. . I3 _ 2
a , . fimin = T
- L L —

o single—particle space S = { plane waves | k? <= k,%,ax} ®{S,1}
Coulomb gas — good agreement with R—space QMC calculations

[A. R., A. Mukherjee and F. Pederiva, PRB 88,115138 (2013)]
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Neutron Matter with x-EFT interactions at N2LO

Equation of State

241 ]
10.5fm ]
oof 10 :. " e
9.5 ®
S1ef o
[})
E 200
N 12 L
z
o - = CIMC (NNLO, )
l - APR (AVIS8)
P — APR (AVI8 + UIX)
af ¥ o « AFDMC (AVS")
ol - Shen (RMF)
00004 008 012 016 02 024

p (fm”)
[A. R., A. Mukherjee and F. Pederiva, PRL 112, 221103 (2014)]
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Neutron Matter with x-EFT interactions at N2LO

Nucleon chemical potential

o 0.05 01 0.15 0.2

[A. R., A. Mukherjee and F. Pederiva, PRL 112, 221103 (2014)]
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Conclusions

Summary:

@ we have developed a MC method that works for general interactions
providing rigourus upper—bounds on energy
@ the use of Coupled Cluster Wave—functions serves a dual pourpose:

o extremely good guiding wave—function
e provides variational energies for CC solutions

Current & Future work:
@ extension to finite systems
@ solving sign-problem with cancellation (a la FCI-QMC)

@ response functions (Gaussian may be viable)
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Conclusions

Summary:

@ we have developed a MC method that works for general interactions
providing rigourus upper—bounds on energy
@ the use of Coupled Cluster Wave—functions serves a dual pourpose:

o extremely good guiding wave—function
e provides variational energies for CC solutions

Current & Future work:
@ extension to finite systems
@ solving sign-problem with cancellation (a la FCI-QMC)

@ response functions (Gaussian may be viable)

Thanks for your attention
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Wave—functions for Importance Sampling

A very accurate way to account for correlations in a generic Fock—space is
the Coupled Cluster ansatz:

Wr) = e T|dye) with T=Ti+Tot...

. . A a1 atat s A
Here we will restrict to CCD case: T = T, = > Z t;jbalazaja,-.
ij,ab

Is the CCD wave—function even quick to evaluate in SD space? )

We need to calculate
¢8CD (Zi’;i’;Z) = ¢CCD(n) for |I"I> = 32',1 e a;f,mahl . ahm|¢HF)

It turns out that one can write a recursive formula ([arXiv:1304.1549])

m m
v —2 (.
&ep (1) = ZZ ;(—)V“‘*”tﬁfﬁ ®cen (1)
y=2 u<v
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Singular Value Decomposition (SVD)

We can make a discretization of the Integral transform
b N
g0 = [ Kol — =Y awkhe €L
g k

gi=g(x) K=K yk) f=7F(y)
The SVD of the matrix K is a factorization of the form
K=UZVT with U,V,£eRWVN

with U,V orthogonal and ¥ = diag[o1,...,on].

The columns &; of U and v; of V can be regarded as orthonormal basis
vectors of RV and the following holds
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Singular Value Decomposition (SVD) Il

In terms of the SVD of the matrix K the direct and inverse problems can
be rewritten as

_ N _ _ N il g
g=Kf=) oj(v/ Ny f=KkT2=3 =V
J J
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Singular Value Decomposition (SVD) Il

In terms of the SVD of the matrix K the direct and inverse problems can
be rewritten as

‘:I

E’

N
||

I

N N
F=2_ a7 f =2
j j

If the matrix K is the result of discretization of a Fredholm Integral

equation of the 1st kind the following basic properties holds

@ the singular values o; decay fast towards zero

o the singular vectors i;,v; have increasing frequencies

We can use the decay rate of singular values to define a sort of degree of
ill — posedness
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Singular Value Spectrum

5+ 4

logqo(oy)
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Regularization techniques

The idea is to approximate our original ill-posed problem with a well-posed
one, constraining the solution with known features.

In most approaches we have minimization problems of the form

min D [Kf,g] + oL [f]
f

where

@ D is a likelihood function (eg. Chi-squared, euclidean norm)
@ L is a penalty functional that enforces eg. smoothness
@ « is the regularization parameter
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Regularization techniques: some examples

Regularized Least Squared (Tikhonov)

il IKF —gl* + a|ITF]>

where the Tikhonov matrix I can be the identity / or a discrete version of
a derivative operator Dy,D>.
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Regularization techniques: some examples

Regularized Least Squared (Tikhonov)

il IKF —gl* + a|ITF]>

where the Tikhonov matrix I can be the identity / or a discrete version of
a derivative operator Dy,D>.

Cross-Entropy Minimization

min KL [Kf,g] + aKL [f,f]
f

where KL is the Kullback-Leibler distance

KL [a,b] = Z anlog(an/bn) + by — an
n

and fy is some prior estimate of f (usually a positive constant)

v
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Density response of Hed
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Density response of Unitary Fermi Gas

in collaboration with S.Gandolfi and J. Carlson(LANL)
PRELIMINARY RESULTS

S
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E/A (MeV)
S

o]

Equation of State

Alessandro Roggero (UW & INT)
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Neutron Matter with x-EFT interactions at N2LO

Momentum distribution
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0.98} Y 0.6} = i
“‘AA 1
0.96} B 0 ! ]
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g w
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Constraining Nuclear Energy Density Functionals

Energy density functional for uniform matter:

& = &Ein + Z (Ctppf + Clpere + C3s? + C s, Tt) .
t=0,1

@ contributions from both time—even and time—odd components.
@ time—even part constrained eg. by even—even nuclei

@ no effective way to constrain time—odd part
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Constraining Nuclear Energy Density Functionals

Energy density functional for uniform matter:

& = &Ein + Z (Ctpp? + Clpere + C3s? + C s, Tt) .
t=0,1

@ contributions from both time—even and time—odd components.
@ time—even part constrained eg. by even—even nuclei

@ no effective way to constrain time—odd part

Idea: [M. M. Forbes et al. PRC 89, 041301(R) (2014)]

Calculate binding energy of an impurity in polarized neutron matter

o€

8p7'0' pro—0

Ero =

— eg en x(G+C) (G +G)
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The neutron polaron

NN
\\\\\\ \\\\
2R N SN~
N ~ i
0. N ~o~o
\ S So. oS
\ NN SO~
\ RN ~ S~
N N ~ ~<
N ~ N \\ \\\
-0.4}F N s Sy ~e_ R
P YERNYSEREN < ~~o_
SN \\ o *~~\§Sk21
155} LN ANES SN T T E .
\\ N ~
N Sk N
= -06f VR TR I
2 i N U --
ST AN 1-pol_ -~
K ~< 0~ R UNEDF -pol_
N
-0.8F
1k
.

Green pts from: M. M. Forbes et al. PRC 89, 041301(R) (2014)
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The proton polarons ||
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Symmetric Nuclear Matter - finite size effects

E/A [MeV]
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Neutron matter with QMC & y-EFT NN interactions

NNLOgpt Ekstrém et al. (2013) N3LO 500* Entem & Machleidt (2003) N3LO 414-450 Coraggio et al. (2007)

T T
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CIMC NNLOgpt - A.R, A. Mukherjee & F. Pederiva PRL (2014)
CIMC N3LO - AR, E. Rrapaj, S. Reddy & J. W. Holt - in preparation
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Convergence of MBPT in neutron matter

Ex — Ecivmc
AE = =X —V%
Ecimc
T [
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_ Ex— Ecimc
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Nuclear matter with QMC & y-EFT NN interactions
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Convergence of MBPT in nuclear matter
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